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MATEMATHYECKASA MOJEJIb KOPPEKTUPOBKH YIIPABJIAIOIIUX ITAPAMETPOB JJIS1
MOJIETA JPOHA IO HAMEYEHHOM TPAEKTOPUH

Summary. In the paper, the modeling method has been offered and investigated for an adjusting the
movement of an unmanned aerial vehicle (drone) based on navigation data. The constructed mathematical model
is described in terms of distributed forces and is universal in nature. It allows determining the distributed control
force, which within a short time offsets the deviation from the planned path. The proposed model is applied to
solution of the problem of adjusting control parameters for quadcopter type drones. It is assumed that the design
of a quadcopter is absolutely rigid, its propulsion systems (four identical motors that rotate propellers) are
symmetrically located and rigidly fixed relative to its central part. The variation of the propeller rotation speed
needed to control the quadcopter is calculated on the basis of data from navigation devices (gyroscopes and an
accelerometer) that specify the Krylov angles. The numerical experiments allowed to estimate the values of
suitable matching factors between the components of the angular velocity vector of the propellers and the rate of
variation of pitch and roll angles.

AHHOTaI[l/Iﬂ. B pa60Te HCCIIEAYETCA METOH MOJACIUPOBAHUA KOPPEKTUPOBKU ABUKCHHUSA JICTATCIILHOTO
armapara (Jj[pOHa) Ha OCHOBAHHWHU HABUTAITUOHHBIX JaHHBIX. HOCTpOGHHaH MaTeMaTH4YCCKasg MOACIIb OIMCHIBACTCA
B TCPMHUHAX paclpeACIICHHbIX CUJI U HOCUT YHHBCpcaHLHBIP'I XapakTep. Ona 1mo3BoJIIeT OIPEACIIUTD YIIPABJIAIOIICE
pacopeacjaeHHOC YCUIINE, KOTOPOE B MPCALiiaX KOPOTKOI0 BPpEMEHU KOMIICHCHUPYET OTKIIOHCHUE OT HaMe4eHHOM
TPACKTOPHUHU. HpezmoxceHHa;{ MOJACJIb IPUMCHCHA K 3a1a4€ KOPPCKTUPOBKU MapaMETPOB YIIPABJICHUS 111 APOHOB
TUIIAa KBaJApoOKoHTepa. C‘{I/ITaeTCiI, YTO KOHCTPYKIHSA KBaJApPOKOIITCPaA a0COJIFOTHO KECTKas, €ro CHIIOBBIC
YCTaHOBKH (‘ICTBIpe UJICHTUYHBbIC MOTOPBI, Bpamaroniye Hponennepbl) ABJIAOTCA CUMMCTPHUYIHO
PacioJIOKCHHBIMU U KCCTKO YKPCIJICHBI OTHOCUTCIBHO €T0 LIGHTpaJ'IBHOﬁ qacCTHu. H€O6XO,I[I/IM06 JUT yIIpaBJICHUA
KBaJAPOKOITEPOM U3MEHCHUEC YaCTOT BpaIlICHUA TPOIMECIJICPOB BHIYHUCIIAIOTCA Ha OCHOBC JJAHHBIX HABUTAITUOHHBIX
mprOOPOB (TMPOCKOIIOB M aKCEIepoOMeTpa), 3aAal0NNX YIIbl opueHTannu Kpeinosa. [IpoBeneHHbBIe YnCIIEHHBIE
OKCICPUMEHTBI MO3BOJIMJIM  OLHCHUTH 3HAYCHUA MOAXOIAAIINX KOB(I)@)I/IL[I/ICHTOB COTJIaCOBaHUA  MEXIY
KOMIIOHCHTAMU BECKTOpa er‘IOBOﬁ CKOPOCTHU IPOICIJICPOB U CKOPOCTbIO U3MCHCHUS YIJIOB TAHI'dXKa U KPCHA.
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Introduction

The widespread use of drones has led to numerous
publications devoted to various aspects of controlling
individual drones or a group of drones. The starting
point of all these models is obviously the classical laws
of mechanics, and one or another approach is used,
depending on the design, control principles and the
task, see e.g. [1-4].

The fulfillment of tasks by a drone naturally
involves flying along a certain trajectory, which can be
drawn by an operator or an automatic planning system
relative to the earth.

A simplified model of drone movement results in
its deviation from the planned trajectory under the
influence of random external factors (wind, poor
balance of the drone, etc.). It becomes necessary to
adjust the flight movement to minimize the deviation
along the entire flight path. Similar problems were
considered, for instance, in [5-8]. In these studies, the
orientation of the drone is set by Euler angles, and they
are convenient to use in the computer simulation of a
drone flight. However, currently widely used
navigation devices installed on board drones calculate
Krylov angles.
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In this paper, the universal modeling method has
been developed and investigated for drone movement
adjustment based on processed sensor data, orientation
and propeller speed of the propulsion systems. The
coordinates of the location and current speed of the
drone are determined on the basis of data from the
gyroscopes and the accelerometer.

Problem statement

Suppose that a drone flies in such limited
boundaries that in calculating its flight path, the
curvature of the Earth can be neglected and a Cartesian
coordinate system can be used to describe its position
in space. Let us introduce the “earth-fixed” right-
handed coordinate system O, x,y,z,, placing its origin
at some point on the earth’s surface, directing the axes
0Og4x4 and Oyy,, respectively, say, to the north and the
west, and the axis 0yzz, upward vertically
(perpendicular to the plane Oyx4y,). Itis known that at
each time instant t considered, the position of a solid in
space can be determined by six parameters: the spatial
coordinates of the center of gravity x,(t), y,(¢), z4(t)
and the angles that specify its orientation relative to the
Earth's fixed coordinate system Oyx,y,z,.

Typically, operators set the planned flight path,
which can be implemented in different ways, within the
technical capabilities of the drone [9]. Depending on
the flight mission, such a line can be parameterized in
time in various ways. In this paper, we will assume that
the flight path is plausibly parameterized and
represented by the known functions x,, (t), y, (t), z, (t)
set in the coordinate system Oy x,y,2,.

When modeling the process of controlling the
flight path adjustment, the following conditions are
accepted:

The elements of the drone have a negligibly small
impact on its flight qualities, and the design of the drone
is considered absolutely rigid;

At each instant t,, the current coordinates
x(ty), ¥(to), z(ty) and the flight  speed
x'(ty),y'(ty), 2" (t,) can be determined based on
sensor data;

Within a limited time, the impact of external
factors is systematic, and the drone mass m remains
unchanged.

Problem: Given the planned flight path £, =
{x, (), ¥,(6),2,(0)}, the mass of the drone m, the
current location {x(ty),v(to),z(ty)} and the flight
speed {x'(ty),y'(ty),z'(ty)} at moment t,. Find the
distributed control force AF, which within a short time
At compensates for the cumulative deviation from the
planned path.

A quadcopter of symmetrical shape will be
considered as a specific type of drone. Since the air
flow created by the propulsion systems is directed
downward and the lifting force is directed
perpendicularly upward, when implementing the
compensation AF, it is necessary to tilt the drone during
the maneuver, adjusting the angular rotation velocities
of the propellers.

When solving the problem of adjusting the drone’s
flight, it will be necessary to know the drone’s

orientation in space. The yaw angle ¢(t), the pitch
angle 9(t), and the roll angle y(t) are taken as the
angles of current orientation [10]. The setting of these
six functions completely determines the trajectory and
orientation of the aerial vehicle.

Analysis of the impact of the forces acting on the
drone

Let us introduce the drone-fixed coordinate
system Oxyz. The origin is located at some arbitrary
point, usually the center of gravity of the drone. The
axes Ox, Oy and Oz are directed so that at the starting
moment of flight they are parallel to the axes O,x,,
04yy and Oyz,.

Suppose {F,, F,, ...} denotes the set of all forces
that act on the drone. These include the drone’s gravity,
the lift generated by the drone’s propulsion systems,
aerodynamic drag, gyroscopic forces, Coriolis force
[8], etc. As is known [11, P.234], all forces acting on a
solid can be reduced to one resultant force F and the
resulting moment M applied to its center of gravity.

Each force F,, creates torque relative to the drone's
center of gravity. The moment of force will change
depending on the drone specific design features (for
instance, tricopter drones with a propulsion system
rotating around an axis located at an angle to the
direction of thrust), on the orientation of the drone in
space during flight (the gravity of the drone is always
directed along the earth vertical axis).

Suppose {a,gl),aff),...} denotes the parameters

determining the arm of force F,, relative to the center
0. For instance, the coordinates of the points of force
application and the Krylov angles [10, P.9] of its
orientation in space can act as these parameters.
Obviously, the formula for calculating the arm of force,
depending on its nature, can be described analytically.
Let us denote this arm by Rk(a,gl), a,(f), ...). Then the
resulting force and torque created by the forces
Fy,F,, .. are calculated, respectively, from the
formulas:

F =31 Fy,
1 2
M = Ysq FkRk(a](( ),0(,(( S T6))

It should be noted that when the resulting force is
different, due to the specific design features of the
drones, the resulting moment M, in the general case,
can depend nonlinearly on F,,F,,.. . Since the
problem of adjusting deviations occurring over a short
period of time in the following paragraphs has been
considered, the nonlinearity of dependence (1) can be
neglected and it can be assumed that during this period
the values of Ry (", ', ...) remain constant.

Determining the resulting control vector

In accordance with the statement of the problem,
it is need to determine a distributed control force AF
such that the deviation from the flight path is
compensated for over a sufficiently small At time
period. Since At is a fairly short time, the adjusting

force can be realized as a vector AF = (AF,, AF,, AF,)
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with constant components AF,, AF,, AF,. Denote Ax = (AFx = % (xp (ty) — x(to)),
x(t) —x, (), Ay = y () — ¥, (8), Az = z(t) — 2, (D).

Then the system of equations for the compensating
term of the flight path is written in the form:

mAx" (t) = AF,,
mAy'" (t) = AF, )
mAz' (t) = AF,.

Here, initial condition (3) will represent the
detected deviation at t,, and condition (4) — the fact of
compensation for this deviation over time t, + At:

Ax(to) = x,(to) — x(to),
Ay(ty) = Yp(to) = y(to), 3)
Az(ty) = z,(to) — 2(to),

Ax(t + At) = 0,
Ay(ty +At) =0, 4
AZ(tO + At) = 0.

System (2) - (4) can be supplemented with the
condition that the deviation compensation rate be equal
to zero:

Ax'(ty + AL) = 0,
Ay'(to + At) = 0, (3
AZ,(tO + At) = 0.

Solving problem (2)-(5), the values of the
components of the control vector AF has been obtained:

AE, =Z%(yp(to)—y(to)). (6)

BF, = 22 (7,(t0) — 2(t0)) .

As mentioned above, the propulsion systems of
the drone are located in different points of the drone,
depending on the technological solution and specific
design features. Therefore, if, on the one hand, a change
in the forces of the propulsion systems creates excess
torque (e.g. drones with fixed propulsion systems),
then, on the other hand, a change in the torque and
redistribution of the components of the resulting force
relative to the earth can be the result of a rotation of the
axes of the propulsion systems (e.g. tricopter type
drones [1]). It will be reflected in the variation of the

corresponding angles {a,((l),a,(f),...}. Thus, for the

drone to offset its deviation along the planned
trajectory, it is necessary that the propulsion systems of
the drone, within the limits of their capabilities, change
the generated forces F}, so that the following condition
is satisfied:

Y1 (Fi = Fi) = (AF,, AFy,AFZ).

Ensuring a quadcopter’s stable flight mode

The description and mathematical model of the
movement of a typical quadcopter have been studied in
various sources [2, 3, 12, 13]. The propulsion systems
of quadcopters are four identical propeller-rotating
motors symmetrically and rigidly fixed relative to the
central hardware component of the drone. For clarity,
we number them from 1 to 4 in the counterclockwise
direction around the center of the drone (Figure 1).

Figure 1. Quadcopter schematic

Let us introduce the bound right-handed Cartesian
coordinate system Oxyz with the origin in the center of
the quadcopter. Suppose the propulsion systems are
located in the points

(,0,0),(0,1,0), (—=L1,0,0), (0,-1,0). )

Let us number them in the order indicated in (7)
and assume that propellers 1 and 3 create a moment in
the clockwise direction, and 2 and 4 in the opposite
direction. If it is assumed that the mass of the

quadcopter is concentrated only on the segments
connecting the center of the drone and the point (7),
then its inertia matrix will be diagonal, with elements
Jxxr Jyy: Jzz [14, P.18].

Suppose w; (t) denotes the rotation speed of the i-
th propeller at the instant t. The task of controlling the
flight of the drone along the planned path involves
determining new values of w; (t), which contribute to
the variation of the components of the generated force
by values (6). The input information for solving this
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problem is at the time t, the rotation velocities of all
propellers w;(t,), (i = 1,2,3,4), the current yaw angle
@(t,), the pitch angle 9(t,) and the roll angle y(t,)
and the components of force (6). Let the pitch and roll
angles vary within the interval (— /2, + 1 /2).

Due to the smallness of the angular acceleration of
the drone during maneuvering and the smallness of
gyroscopic forces and Coriolis force arising during
rotation, they can be neglected. According, for
instance, to [13, P.3], the i-th propeller creates thrust
and torque relative to its rotation axis

fi = kw}, 3; = b},

where k and b are the known coefficients
determined experimentally for a particular type of

1 0 0
A =|0
0

where C; = Cos§, Sg = Siné are denoted for
brevity. Since force F generated by the propellers is
always directed along the axis Oz, then the following
representation can be written for it in the coordinate
system 0,x,y,z,: F = F(=Sy,—S,Cy,C,Cy). Let us
denote

F = (AF, — SyF,AF, — S,CyF,AF, + C,CyF).(12)

In order for the quadcopter to offset its deviation
from the planned trajectory, the propulsion systems
must change the rotation speed of the propellers by
some values w; (t), (i = 1,2,3,4) to:

[

propulsion system. Total force F and torques M,,,
Mo, My, generated by the propellers relative to the
axes Ox, Oy and Oz, respectively, will be [11, P.138,
§117:

F= Z?:lfi = k2?=1 wiz’ )
Mox = fol = ful = kl(w} — w}), (9)
My, = f3l = fil = kl(w} — w?), (10)

Mo, =31 =3, +33 -3, =
b(w? — w3 + w? — w?), (11)

Transformation matrices corresponding to the
rotation by the set {¢, 9, y} are the matrices [10, P.42]

Co 0 =S,
y =Sy ,A(19)E<0 1 o),

C
S G

Ap) E(

Ss 0 Cq
~S, 0
Sy C, 0.
0 1

(A) create a force equal in modulus to ||, on the
one hand, and

(B) tilt it in the direction of the vector F relative
to the coordinate system Oy x,y,2,.

It is easy to calculate the necessary angles
{*,9%,y*} providing an inclination of direction of the
axis Oz along F. It is clear that the yaw angle ¢ is not
involved in representation (12), therefore, it can be
considered unchanged during the adjustment
maneuver. Thus, next formulas have been written
below:

F, —S,CoF
~ AF,+C,CyF’
AF, — SgF

~ (AF, —S,CoF)C,.

P =0.

These angles, over a short period of time At can
be implemented by changing angles {¢, 9, y} at the rate
of {vq, =0,vy = Ky 19;_;19%/ =K, %} where the
coefficients ko and «k, can be determined
experimentally. Then the angular velocity vector v,
relative to the coordinate system Ogx;y,z4,
accordingly [14, P.164], is

Vgx
Vg = (VgY> =

Vgz
Successively applying the transformations A(¢),
A(9) and A(y) to (13), the representation for the

vqu)Cﬁ + V195¢
VySeCo —v9Cy |(13)
V},Sg

angular velocity vector in the coordinates of the bound
coordinate system Oxyz has been obtained below:

Vy Vgx
(VY> =AAWD)A(p) (ng> :

VZ ng

Further, taking into account the above
assumptions and following [14, P.167], next formulas
for calculating the torques have been obtained

Moy = JxxVx »
Moy = Jyyvy
MOz :]szZ.
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Now, based on (8) - (11), conditions (A) and (B)
will be rewritten as follows:
(@1)? + (@3)? + (03)? + (@3)? = £ |7,
(@3)? = (@3)? = vy,
; (14)
(@3)? — ()2 = 22v,

(@12 = (@) + (3)? = (W3)? = Zv,

-05

The main determinant of the system (14) A= 8,
therefore all w;(t), (i =1,2,3,4) are determined
uniquely.

Figure 2. Diagram of deviation compensation at x,, = 6.2 for different values of

A software module has been developed for
estimating the coefficients x4 and «,,. Our experiments
conducted for the case k=15x10"5 and b =
0.5 X 1076 have demonstrated that the coefficients
and k, can be taken within the interval (5, 7). Fig. 2
shows the plots of deviation compensation for different
values of ky, at x,, = 6.2. The horizontal axis shows
time, in 100 milliseconds, the vertical — deviation from
the flight path, in meters. Similar plots are obtained for
different values of k,, at kg € (5, 7).

Results

A mathematical model has been developed and
proposed for determining the distributed control force,
which compensates for the deviation from the planned
flight path within a short time. The proposed model is
applied to the problem of adjusting control parameters
for quadcopter type drones, which are calculated based
on feedback from sensors that specify orientation
angles in Krylov angles. Numerical experiments have
been carried out, and the values of the suitable
matching factors between the components of the
angular velocity vector and the rate of variation of pitch
and roll angles have been estimated.
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OPT'AHI3AIIISA I TEXHOJIOT IS ABTOMATHU3AIIL BAPOBHUIITBA
AC®AJBTOBETOHY,TEHJIEHIII TA MTEPCIEKTUBHU PO3BUTKY

AHHOTanusi. B craTTTi Big3HaueHo, 110 /Ui OyIiBHULTBA AOPIr i OIaroycTporo TepuTopii y BCbOMY CBITI
3aCTOCOBYIOTh ac(aibTOOETOH, W0 JA€ SIKICHE 1 JIOBrOBIYHE IOKPUTTA. Ac(aibToOETOH € HaI3BHUYaHO
MOITYJIIPHAM MaTepialioM KW BUKOPHCTOBYETHCS B CydacHIW OymiBeNbHiH ramysi. BigsHauHo, oo Moxe OyTH
OTpPUMaHUIl MONATKOBHH e(eKT BiJ OTPUMaHHS HOBHX 3HaHb PO MpOLEC BUPOOHMITBA achalbTOOETOHHOI
cymimri. Tak, SKIOI0 IPUCYTHI 1 JesiKi MOKa3HUKH KOMITOHEHTIB ac(aibToOSTOHHOI CyMilli, i TIOKa3HUKHU SIKOCTI
TOTOBOI MPOJYKIii, TO 3a JOMOMOIOI0 pPO3pOOIEHOT MaTeMaTHYHOI MOZENl € MOMKIIHMBICTH JIOCHIIKYBaTH
CTATHCTHYHI TEXHOJIOTIYHI 3aJIeKHOCTI BHAY W, — @(V;) 1 OTpUMaTd MOAENI TEXHOJOIIYHOro IPOIECy
BUPOOHMITBA ac(asbTOOETOHHOI CyMmimli, sIKi MOXYTh OyTH BHMKOPHCTaHi B TOMY YHCIHI 1 JUIs IiJBUIICHHS
e(eKTUBHOCTI YIPaBIiHHSI BUPOOHHUIITBOM.

B crarti peamizoBaHO Ta 3ampoNOHOBAHO MiAXiJ HAa CaMOMY BEPXHHOMY PiBHI NMPOMOHOBAHOI CHCTEMH
ynpaBimiHHA. B maEMi 9ac 3akiHUyeThCS PO3poOKa aBTOMATH30BAaHOI CHCTEMH YIPABIIHHA BHPOOHHIITBOM
achanpTOOETOHY, B SKiH peanmizyeThCsl BUKIAJACHUNA B JaHiM CTATTi MiIXid, 3aCHOBAaHUN HA PO3IMIUPEHHI TIOHSATTS
o0'exta ympaBmiHHA 3a Mexi AB3 1 BKmIOYeHHI B KOHTYp YNpPaBIiHHS TPAHCIOPT, YKIAaTaHHA 1 HaBiTh
EKCIUTyaTallito roTOBOTro ac(halbTOOETOHHOTO TOKPUTTS.

Kniouosi cnosa: asmomamusayis, acganrbmobemon, YNpaguiHHi MPAHCROPMY, NOKPUMMS, YNPAGLIHHSA
BUPOOHUYMBOM, NIOBUWJEHHSL YNPABTIHHSL.

Janst OyAiBHUIITBA JIOPIT 1 6I1aroycTporo Tepuropii
Yy BCBOMY CBITi 3aCTOCOBYIOTh ac(hajbTOOETOH, 110 A€
AKiCHE 1 JOBroBidHe MOKPHUTTI. AcanpTobeToH €
Ha/J3BUYAMHO  MOMYyJNSIPHUM  MaTepiaioM  SKUi
BUKOPUCTOBYETHCSI B CydYacHid OyZIiBenbHiN ramysi.
Moro BizHOCHA HemOpOra BapTiCTh MaTepiay MOpSII 3
ONTHUMAILHUMH  XapaKTEPUCTUKAMH  JI03BOJISIOTH

BHKOPHCTOBYBATH ac(haibTOOETOH SIK BEPXHE JIOPOXKHE
MOKPUTTSL. Ac(hanbTOOETOH TOCUTH MILTHUH 1 HA I THUI
MaTepial, TOMy BUTOTOBJICHHS ac(aibTy, OyIiBHHIITBO
3aBO/IiB 3 BUPOOHUIITBA acPabTHUX CyMilllel - OJIMH 3
MEPCIEKTUBHUX HAMpSIMKiB Oi3Hecy. BupoOHHITBO
achanpTy B YKpaiHi me J0Bro OyJe 3ajumiaTHCS
OJTHIM 3 HaHIpHOYTKOBIMMX BUAIB Oi3Hecy. ChOromHi


https://www.aviationsystemsdivision.arc.nasa.gov/publications/hitl/rtsim/Toms.pdf
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