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TEXHNUECKNE HAYKN

Kouemrxoe B.C.%,
Jozanoea JI.B.*

YCamapcxuii nayuonanvuviii uccredosamensckuii ynusepcumem um. axademuxa C.I1. Koponesa,

Mockosckoe uiocce 344, Camapa, Poccus, 443086

HCCJIEJOBAHME 3ABUCUMOCTH BPEMEHM U3BJIEYEHUSA TAHHBIX W3 XML-®ANJTOB
OT OFBbEMA BBIBOPKU ®ANJIOB B YCJIOBUAX U3BBITOYHOCTH JTAHHBIX.

AnHoTanusi. B naHHO# paboTe Npou3BeIeHO NCCIIEJOBAaHNE U CPABHEHHE JIBYX PA3IMYHBIXMETOJOBCHHTAK-
CHYECKOro aHanu3a nHdopmauny, xpansmeiics B XML-¢aitnax: DOMu SAX. BreinonHeH aHanu3 pe3ynbTaToB
TECTUPOBAHMSI METOJIOB APCHHIa HA PAa3IMYHBIX KOHTPOJIbHBIX BBIOOPKaX JOKYMEHTOB, IIPH pa3HOM 00beMe n3-
BJIEKAeMBbIX JJAaHHBIX. B pe3ynbTare BhIMOIHEHHS paObOThI ObLIO ChOpMyYINPOBAaHBI PEKOMEHJAIIUNH IO BEIOOPY ON-

TUMAJIbHOTO MCTO/JIa MapCUHIra JaHHbIX.

1. BBeaenue.

B nammm nam o6cyxneane XML 3agactyro mpoxo-
IUT B KOHTeKkcTe Web-cepBucoB, mnpeoOpa3oBaHMi
Java 00BpexToB B XML 1 00paTHO, U JaXke WCHOIB30-
BaHUA 0a3 maHHBIX XML BMecTO PesIIHMOHHBIX FUTH
00BEKTHO-OpUEHTHPOBaHHBIX.[1] dopmar o4eHp -
POKO HCHOJB3YeTCs] B MHOOPMALMOHHBIX TEXHOJIOTHS,
pexoMennoBaH KoHcopunymom BcemupHoil mayTHHBI
(W3C).Ilpumepom mnpumeHeHus: Texnonorun XML
MOTYT CIIY>)KUTh OTKPBIThIE JaHHBIE UH(OPMALMOHHO
cucteMbl zakupki.gov.ru, J0CTyITHbIE HA COOTBETCTBY-
tomeM ftp: 00BEM exxeTHeBHBIX OOHOBJICHHHN — NECATKH
u cotHH ThIcTd XML (aiinoB 00beMOM B TUTa0alTHI
WIN JIECATKH TMTrabalT, B CPEAHEM pa3 B HECKOJIBKO
HeJIeJNIb BBIXOJJUT HOBAsI BEPCHS CXEMBbI JaHHBIX.

[Ipu HEOOXOOMMOCTH 0OpPabOTKH OONBIIMX Mac-
CHBOB (hailyioB, KOT/Ia KOJIMYECTBO (HaisIOB MCUMCIIA-
eTCsI ThICAYaMU, Jake He3HaUUTeIbHAas IKOHOMHUS Bpe-
MEHH Ha 00paboTKe OJHOrO (aiiia, JaeT OIIYTUMYIO
HSKOHOMMIO BpPEMEHH, IOTPAadeHHOro Ha 0O0paboTKy
Bcex (aiioB. Bee 310 00ycnaBiauBaeT akTyalbHOCTh
uccnenoBanug MetonoB aHaiau3a XML-daiinos.

B ciryuae ¢ ftp-cepBepom rocy1apcTBEHHBIX 3aKy-
MIOK CTPYKTypa JTaHHBIX CIEAYeT 3a TPeOOBaHMSIMH 3a-
KOHOJIaTeNNbCTBA. B cBsi3m ¢ 3TuM mHpOp™Mamms o0 u3-
BEIICHUAX O MPOBEJICHUH TOCYJapCTBEHHBIX 3aKYyIOK
Ipe/IcTaBIeHa OoJjiee YeM JIECATKOM THIIOB JIOKYMEH-
toB fcsNotification® B 3aBUCHMOCTH OT THIIA 3aKYIIKH
(anmextponnsIit ayknnoH fcsNotificationEF, 3anpoc ko-
tupoBok fcsNotificationZK, 3akymnka y eTMHCTBEHHOTO
nocrasmuka fcsNotificationEP u T. 1.). Bee 3t noky-
MEHTHI OCHOBAHBI Ha OJJHOM 0a30BOM THIIE N3BEIICHNUS,
HO OTJIMYAIOTCS B JETAISX, M 3TO TPEOyeTCsl yIUTHIBAT
[IPY UMIIOPTEH aHAJIN3E JaHHBIX. [2]

Ha caiite cymecTByeT orpaHiuyeHne B KOJTMYECTBE
pe3ynbratoB. [louck Begaet He 6oiee, yem 500 cTpok,
Y CKayMBaHHUE JIAHHBIX O KOHKypcax (B BHUJIE TaOJUIIBI
.CSV (opMaTa) cCpeAcTBaMH calita HEBO3MOXKHO. [Ipn
9TOM TOTPEOHOCTh HUMETh PETYJSIPHO OOHOBJISIEMBIE
CBEICHUS O MPOXOIAMHNX KOHKypCaX, IOMaJaroIInX
O] OTpEICICHHbIE KPUTEPHH, BOSHHUKACT y KaXIOH
OpraHU3aIiH, YYaCTBYIOIIEH B TOCYAapCTBEHHBIX 3a-
Kymnkax.[3]

B yc10BHAX MOCTOSHHOTO U3MEHEHHS CTPYKTYPEI
JAHHBIX, U UX H30BITOYHOCTH, MOTyYCHHE AaHHBIX MO~

pasymeBaeT mapcuHr XML-daiino. Ilpu sToMm, mo-
CKONBKY Kakablii XML ¢aiin comepkut Bcro uHPOP-
Malyio O 3aKylKe, KOTOpasl 3a4acTylo SBIACTCS W3-
JIMITHEH TPH PELICHUN MTPUKIATHON 33a7a4H, B paMKax
CTaThH IIPOBE/ICHO NCCIIEJOBAaHHE BPEMEHH IOy ICHUS
aTpuOyTOBOTPAaHMUEHHOTO Ha0Opa TEroB JOKyMEHTa
myTeM 00paboTKH (pailyIoB ¢ MOMOIIBIO OCHOBHBIX Me-
TOJOB cHMHTaKcuuyeckoro anaiamsa XML: DOM u SAX.

2. DOM-napcep.

- DOM (Document Object Model - o6bexTHas MO-
JeNb JNOKYMEHTOB - IUIaT(GOpMEHHO-HE3aBUCUMBII
MPOTPaMMHBIN HHTep(delic, MO3BOJISIOMUN MTPOTrPaMM-
HBIMH CKPHUIITAMH YIPABISTh COAEPKUMBIM JOKYMEH-
toB HTML u XML, a Taxxe U3MEHATh UX CTPYKTYpPY U
odopmrnernne. Monenms DOM He HakTagpIBacT OTpaHu-
YeHWH Ha CTPYKTYypy AOoKyMmeHTa. J1o0oi JOKymeHT
HU3BECTHOM CTPYKTYpPHI ¢ IoMoIIbio DOM MoXkeT OBITh
NpEZCTaBJICH B BHJE JIepeBa Y3JI0B, KaXKIBIH y3ed KO-
TOPOTO COJEPKUT 3JIEMEHT, aTpUOYT, TEKCTOBBII, Irpa-
(buueckuit WK 1000 APYyroit 00bEeKT. Y3IIbl CBSI3aHbI
MEX/1y COO0I OTHOLICHUSIMU POJUTEINb-TIOTOMOK.

Cnoco6 moctyna uepes DOM ynobeH, korga
CTPYKTYpa JOKYMEHTA JAOJDKHA (MM MOXKET) OBITh JI0-
CTYyIIHA B IIEJIOM H JIETKO MOJU(UIIPOBATHCS - HATIPH-
Mep TaK, KaK 3TO MPOUCXOANT B JokyMmeHTe Word mim
ipu popmuposanuu crpanuisl DHTML.

CpencTBa MapcuHra, y KOTOPBIX KaXKAbIH aHaIH-
3UpyeMBIli BeO-IOKYMEHT XpaHHUTCS B MaMSATH B BUJIE
HepapXuu €ro IEMEHTOB (y3JI0B), PU IIOBTOPHOM 00-
pamieHny K pa3InYHBIM YacTsAM JOKyMEHTa 3aTpadu-
BalOT MEHbIIEE BpeMst Ha 00paboTKy BeO-TOKYMEHTa,
ITOCKOJIBKY HE HY>KHO 3aHOBO 3arpy’>kaTh U CTPOUTH Je-
peBo. Takme cpencTBa MPENOCTAaBIAIOT Hanboiee
yAOOHBIH C€IMOCO0 JocTyma K 3JeMeHTaM BeO-I0KY-
MeHTa ¢ moMoIkio 3ampocos (CSS u XPath) u moaxo-
JUSIT 7711 JTIOOBIX 33/1a4 MHOTOKPATHOM BEIOOPKH HHPOP-
MaIie U3 BeO-IoKyMeHTa. [4]

Ananu3 noxymeHToB MerogoM DOMnyrtem map-
cuara  XML-gaiina  npexanonaraer — co3naHue
DocumentBuilderFactory, ¢ momMoImso KOTopoi co3aa-
etcsa DocumentBuilder, KoTopsIii, B cCBOIO 0Yepeb, BHI-
nostHsAeT pazdop XML nokymeHTa /Uit CO31aHUS 00b-
exta Document u mocneayromero u3BnedeHns nHdGop-
Malliy ITyTeM TPOXo/a 1Mo BceM y3inam(nodes)obbekra
JUTSL HAXOKICHHS ICKOMBIX aTpHOYTOB.


https://ru.wikipedia.org/wiki/W3C
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if (Node.ELEMENT NODE == node.getNodeType ()) {
Element element = (Element) node;
tryl

notification.setPurchaseNumber (element.getElementsByTagName ("purchaseNumber") .item(0) .getTextContent ());

//Habop ycnoBvEt

}eatech (NullPointerException e){

System. out.println("rer purchaseNumber orcyrcByer B " + listOfFiles[i].getName());

}

Pucynox 1. Ycnosue uzsneuenuss meca 6 DOM

IMockoneky DOM-mapcep peanusyer 00ObEKTHYIO
MOJIeJIb JOKYMEHTA, €ro MOJEe3HO HCHOJIb30BaTh TaM,
rae TpedyeTcs paboTaTh C JOKYMEHTOM IEINKOM, KaK
¢ nepeBom. IlpencTaBieHue Bcero AOKyMEHTa OynmeT
3aHUMaTh B IaMSATH 3HAYUTENBHBIN 00BEM, MOITOMY
DOM pe3oHHO cumTaeTcs MOAETBI0, OYCHb TpeOOoBa-
TENBHOH K pecypcam.

3. SAX-napcep

SAX (Simple API for XML) 6a3upyercst Ha Mo-
JIeTIM TI0CJIeI0BaTeIbHONH OAHOPa30BOi 00paboTKU U
HE cO3/1aeT BHYTPEHHUX AepeBbeB. IIpu npoxoxkaeHun
110 XML BBI3BIBa€T COOTBETCTBYIOLIUE METOBI Y KJIacC-
COB, pealu3yrUMX UHTep(deichl, MpenocTaBiIsieMble
SAX-napcepom.

SAX-pa3bop MPOMCXOIUT ACHHXPOHHO, TO €CTh
IporpamMMa He JIOJDKHA XKJIaTh 3aBEPIIAIOIIEro Tera s
0TpaboTKH yKe Moy4eHHbIX. [locnenHee MoXeT mpu-
TOJINTKCS, HAIPUMeEp, I 0ToOpaskeHus 3anuceit SQL-
3arpoca emle 10 TOro, Kak Bce OHH OyIyT MOJy4EHBI.
Jpyroe nmpumeneHue - oOpbIB ceaHca, AOIMYCTUM MPU
HaXO0X/ICHUU OJITHOM HY>KHOH 3aIllMCU U3 MUJIJIMOHA.

@Override
public void characters(char[] ch,

int start,

Henmocratok SAX - HE0OOXOAUMOCTh XPaHCHHUS CO-
CTOSIHHSA B Tporiecce pazbopa XML-moToka, To €CTh B
clIydae co CIOXHOW W/WiIM HeIeTepMHUHUPOBAHHOMN
CTPYKTYPOH TPHUIETCS YaCTHYHO PEKOHCTPYHPOBATH
Y3J0BYIO MOJEIb JJISl OTCIICKMBAHNS YPOBHEH BIIOXKE-
HUSL.

CpeacTBa MmapcWHra ¢ IMOTOKOBOH 00paboOTKOM
MIPUMEHNMEI B 33/1a4aX, I7ie IOBTOPHOE OOpaIieHne He
HY>XHO. B TakoM ciyyae mpoUCXOJUT MOCTeI0BaATENb-
HBI TIepe6op y3J710B 10 HYKHOTO W MOOYepeaHas 3a-
rpy3ka B THaMsITh TOJIBKO TeKyiero ysna. JlaHHble
CpeJICTBa MOT'YT aHAJTM3UPOBATh OYCHB OOJIBIIINE TOKY-
MEHTBI ¥ TIOJXOAST AJIsl TAKUX 3aJ]1a4, KaK UHJEKCAIUs
Wik npeoOpa3oBaHue B apyrue Gopmarsl (Harpumep,
3ameHa aeckpuntopos XML Ha geckpunropst HTML).
[4]

SAX-mapcep  peammsyer  uHTepdeiic  De-
faultHandler, koTopsiii ucnob3yeT GyHKIHH 0Opat-
HOTO BBI30Ba, JUIA W3BJICUCHHE NAaHHBIX IO HAOOpPY
YCJIOBHI BUJA!

int length) throws SAXException {

if (thisElement.equals ("purchaseNumber")) {

notifie.setPurchaseNumber (new String(ch,

//nabop ycioBui

start, length))

Pucynoxk 2. Ycnosue ussneuenus mezca 6 SAX

B mepByro odepenp oOpabarbiBaeTcsi COOBITHE
startDocument.Korma CcHHTaKCHYECKHH aHAIHA3aTOP
SAX pa3bupaer XML u BcTpeuaer 3amyck Tera
(mampumep,<something>), OH 3amyckaeT COOBI-
TretagStarted(pakTrndeckoe Ha3BaHUE COOBITHSI MOXKET
OTIIMYATHCS). AHAJOTHYHO, KOT/Ia KOHEIl Tera BcTpeda-
eTcst BO BpeMs pasbopa (</something>), oH 3amycka-
ertagEnded. Mcmons3oBanne anammsatopa SAX mon-
pa3ymeBaeT, 4TO BaM HeoOXoanMo o0pabaTeIBaTh 3TH
COOBITHS ¥ IOHUMATD JTaHHEBIC, BO3BpAIllaeMbIe C KaXkK-
IbIM coObiTneM.Ecin B aneMeHTe ecTh COAep:KHMOoe,
OyAyT BBI3BIBATHCS TaKHe COOBITHS, Kak characters s
JIOTIOTHUTEIBHOTO TekcTa, startElement u endElement
1A TOYEPHUX JJIEMEHTOB U T.II. 3akaH4YMBaeTCs pa-
6ota mapcepa coosiTeM endDocument.

SAX u DOM mnoaxo/ibl HHOT/IA COYETAIOT MEXKTY
coboii. Tak, BeO-Opay3ep oToOpaxaer 3JIE€MEHTHl B
MpoIecce MoJIydeHnus MeTojoM SAX, HO IMOCJe TOIy-
4eHus JoKyMeHTa cTtpouT ero DOM-Mopens yis
DHTML-noctyna B TepMuHax HepapXxuu OOBEKTOB.

(5]

4. CpaBHeHMe MeETOJ0B, IKCIIEPMMEHTAIbHbIE
HccJIeI0BAHUS

B pamkax paboThl MpoBelieHbI HCCIIEI0BAHUS pe-
AJIM3AIMU METO/I0OB CHHTAKCHUYECKOTO aHajn3a uHdop-
MalllH, a TaK)Ke BJIMSHHS HA BPeMs BBIIIOJIHEHHS map-
CHHI'a KOJIMYECTBA JOKYMEHTOB B KOHTPOJILHOH BbI-
0opKke U Ha0Op U3BIIEKAEMBIX TETOB.

Jliist cpaBHEHHUsT BpEMEHH, 3aTPauyBaeMOro Ha M3-
BiedeHue 1 06paboTky nnpopmarmu n3 XML daitnosc
ftp-cepepazakupki.gov.ru ObUT BBIFpYXKEHA U pa3Me-
IIeHa Ha JIOKAJIFHOM KOMIIBIOTEpE KOHTPOJIbHAs BbI-
OopKa JIOKYMEHTOB, YTOOBI MUHUMU3UPOBATh BIMSHUC
Ha Bpems o0pabotku ¢aitioB (akTopoB,HE OTHOCH-
LIMXCS K TeME HCClieoBanus. B kauecTBe cpencTBa pe-
anm3ary ObLT BBIOpaH s3bIKJAvVa, Ha KOTOPOMOBLIH
HAIMCAHBIKIACCHI, PEATU3YIOLINE OIUCAHHBIE paHee
MEeTOJBl 00pabOTKM CIIA0OCTPYKTYPHPOBAHHON WH-
(dopmarmu, a Takke Kiaccel cymnocreir Notificationc
pas3nMYHBIME HabopaMu aTpuOyTOB, IJIS IapalIeib-
HOT'O MCCIICZIOBAaHUIO BPEMEHH 00pabOTKH Pa3IMuHOTrO
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KoJmyecTBa (aioB, MCCIEAOBaHUS BIMSHHS KOJIHYE-
CTBA U3BJICKAEMBIX TETOB Ha BPEMs BBIIIOJIHEHUS 00pa-
00TKH (artioB.

DKCIepUMEHTBHI POBOMMINCH ISl KOHTPOJIBHBIX
BEIOOpOK  TOKyMeHTOB pasmepa N = 1000,N =
5000, N = 10000. Takue pa3mepsl ObLT BEIOpPAHBI IS
CpaBHEHUsI MOJIYYEHHBIX PE3YJIbTATOB C 1IEJIBIO BBISB-
JICHUSI 3aBUCUMOCTH MEXIY YUCIOM 00padaThIBaeMbIX
JOKyMEHTOB M OOLIMM BpEMEHEM HX O00paboTKH,
WJIQBHEHIIIEro IPOrHO3UPOBAHUSI BPEMEHH TTapCHUHra
(uKCHpOBaHHOTI'O HAOOPa TOKYMEHTOB.

HaGop Teros, nponucaHHbIX B YCJIOBHUSIX Mapcepa,
[0 KOTOPBIM MPOU3BOAMIICS ITOMCK JAHHBIX TaKKe Ba-
prupoBacs oT 4 mo 16. s oOHapyKeHUS KOppeis-
MM MEXIy BPEMEHEM BBIIOJIHEHHS ITapCHHTa (ailiioB
1 KOJTMYECTBOM H3BJIEeKaeMOi HH)OPMAIIUHL.

U B cryqae paboter SAX-mapcepa, u B cirydae pa-
6otsr DOM-mapcepa, Habop TeroB mepenaeTcs KOH-
crpykropy obbekra Notification nms mocnexyromieit
3amrcu 00bEKTa B PETIO3UTOPHH.

[TonyueHHbIe 3HAYEHUS] BDEMEHH M3BIICUCHUS HH-
¢dopmaru mpu ucnonb3oBaHUUSAX-mapcepa oTpa-
*KeHBbI B Ta0nuue 1, npu ucnoiap3oBannd DOM — B Tab-
nure 2.

Tab6muma 1.
3aBHCHMOCTH BpeMeHH BbInoJHeHHs napcunra XML- ¢aiinoB metomom SAX
0T KoJin4ecTBa (aiijioB B BbIOOPKe M HA00pa M3BJIEKaeMbIX TEI0B.
Konmuecto Yucno u3Biekae- Bpewms BeInosHEHNS TPe00pa30BaHMsL, MC
(hattroB MBIX TE€TOB 1 2 3 4 5 cpeaHee
1000 4 4083 3615 3933 4083 4480 4038,8
1000 8 4924 4606 5055 4232 4925 4748,4
1000 16 4020 5144 5117 4624 5445 4870
5000 4 8214 9298 9268 9296 8417 8898,6
5000 8 9266 9658 9528 9733 9775 9592
5000 16 13822 14204 14122 14574 14301 14204,6
10000 4 12887 12983 13428 12826 13021 13029
10000 8 14140 18152 13285 14274 13492 14668,6
10000 16 14699 15397 19319 16685 14688 16157,6
Tab6muua 2.

3aBuCHMOCTH BpeMeHH BbInoJHeHns napcuara XML- ¢aiinoB meromom DOM ot kommyecTBa (aiiaioB B
BBIOOPKe H Ha00pa N3BJIEKAEMbIX TEr0B.

KomugectBo Yucino us3- Bpewmst BeimosiHeHHs TpeoOpa3oBaHusi, MC
(haitroB BJIEKAEMBIX 1 5 3 4 5 cpenmee
TEroB
1000 4 5416 4995 6167 5996 4764 5467,6
1000 8 6177 5419 5931 5829 6295 5930,2
1000 16 6653 5075 7175 6176 6195 6254,8
5000 4 12468 12816 13952 13684 12746 13133,2
5000 8 14678 13574 15488 15584 15406 14946
5000 16 20476 20862 20429 21064 20274 20621
100000 4 18294 20536 17833 17962 18015 18528
100000 8 20402 20107 20259 21359 19793 20384
100000 16 25478 27485 22263 22557 21995 23955,6

CiemyeT OTMETHTh, YTO Ha BPEMS BBIIOJIHECHUS
00paboTKN CYIIECTBEHHOE BIMSHHUE OKa3bIBaeT HAOOpP
u3BJIeKaeMoil nHpopMmaru. B ciaydae ncnonp3oBaHUsS
Metoga SAX, W B cilydae HCHOJB30BaHUS METOJA

DOM no6aBiieHre YCIIOBHIA ISl H3BJICYCHHUS JOTTOTHH-
TeNbHBIX HA0OPOB TErOB 3HAYMTENHLHO BIHMSET Ha
BpeMsi o0paboTku daitnos. Ha pucynke 3 mnpencras-
JICHBI AMArpaMMbl BpeMEHH 00paOOTKH KOHTPOJIBHBIX
HabopoB daitioB MmerogamMu DOM u SAX .



= Wschodnioeuropejskie Czasopismo Naukowe (East European Scientific Journal) #4(44), 2019 7

30000,00
25000,00
20 000,00
15 000,00
10 000,00
5 000,00

0,00

’

4 1era 8Tteros l6Teros

W SAX

4 1era 8Terosl6Teros

41era 8TeroslbTeros

DOM

Pucynok 3. Juacpamma epemenu 06pabomxu KOHMPOIbHLIX 86100pOK 00KyMenmos memooom DOM u SAX
npU pa3IULHOM HADOPE U3BTIEKAEMBIX ME208
(Ha 6epMUKALHOU OCU NOKA3AHO 8PEMSL 8 MUIUCEKYHOAX, HA 20PUSOHMANLHOU MPU 2PYNNbL CMONOYO8 OJisl 6bl-
oopoxk pazmepom N=1000, 5000, 10000 coomeemcmeenHo)

Hcnonp3oBanue metona SAX Mo3BOJSIET B CPEI-
HeM 710 1,5 pa3 yMeHbIINTh BpeMsi, 3aTpaulBacMoe Ha
00pabotky XML-(haiinoB ¢ 1enpi0 H3BJICYCHUS JaH-
HBIX 10 CPaBHEHHIO C aHAJOTUYHBIMH OIEPaLUsIMU,
MPOM3BOIUMBIMU HaJ TeM e HabopoM (aiijaoB, HO
IpH UcTionk30BaHuK Metona DOM.

B ciiyuae SAX-napcepa yBenanmueHue KOJIMYECTBa
TETOB B 4 pa3a 1ajo MpUPOCT BpeMeHH 00paboTKH (aii-
JoB B 1,33 paza.

4. 3ak0ueHue

B pesynbrate naHHOW pabOTHI OBUIO BBISBICHO,
4YTO JUIs Lededl u3BiedeHus JaHHbIX U3 XML-
JIOKyMEHTOB PallMOHAILHO HCTIONB30BaTh MeToa SAX,
MOCKOJIBKY B 0OIIIeM CiTydae BpeMsi, 3aTpayiBaeMoe Ha
00pabotky (aitna meromom DOM MOKeT MpeBbIIAThH
B 1,5 pasa Bpemst 00paboTku ¢aiina meromom SAX s
MOJYYCHHSI COECPKMMOTO aHAJIOTMYHOTO Habopa Te-
TOB.

Crout yuuTBIBaTH, 4TO METOA SAX MNOIXOIUT
TOJBKO IS W3BJICYEHUs] MHPOPMAIMM, W B CIydae
HE0OX0MMOCTH MOIU(HKAIINH TAHHBIX HETIPIMEHHM,
B omnuuu oT DOM. OzpHako B cilydae penieHus 3a-
Jlauu TTOJTyYEHHSI JAaHHBIX, 3TOH 0COOEHHOCTHIO MOXKHO
npeHeOpeys.

Ha ocHOBaHHMHM MONy4YeHHBIX NaHHBIX ¢ ftp BO3-
MOJKHO TPOBOIWTH JalbHEHIINE HCCIEAOBAHUA, 1103-
BoJIsitoIe (opMHPOBATh PEKOMEHIALUH ISl TOCTAB-
IIUKOB M 3aKa3uukoB. Hampumep, BBIABICHHE ONTH-
MaJIbHOTO ~ PACIOJIOKEHUS]  ONTOBBIX  0a3, WIU
ONITHMMAJILHOHM HadaJIbHOM LIEHBI KOHTpaKTa Uil obec-
TICYCHNS] KOHKYPEHIIHH.
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USE OF OIL CHEMISTRY PRODUCTION WASTES BY TREATMENT OF WATER AND SOIL
FROM OIL PRODUCTS

For determination of the efficiency of the oil biosorbent, recived on base of carbonizate — waste of pyrolysis
of excess sludge of oil chemical enterprice and also on base of hydrocarbon-oxidizing microorganisms, separated
from oil — contaminated soil, the experimental researchs were carried out.

It have been determined that by comparison with carbonizate, use of biosorbent didn’t allow to increase effi-
ciency of water treatment. The experimental research by bioremediation of the oil-contaminated soil shown that
efficiency of soil treatment by help of the received biosorbent in 1,6 times higher by comparison with use of
carbonizate and in 1,7 times higher by comparison with traditioval method treatment.

Key words: biosorbent, biological treatment of waste water, bioremediation of the oil-contaminated soil.

During the extraction, transportation and pro-
cessing of oil there are emergencies and technological
losses arise, as a result of which the environment and

first of all, the hydro- and lithosphere are polluted. An-
nual losses from produced oil range from 2 to 5% [1].
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A promising direction for the purification of oil is
a biotechnological method using biosorbents.

Biosorbent - is carrier with microorganisms, im-
mobilized on the surface, used for purification organic
compounds [2,3].

Currently, there are a large number of biosorbents
based on natural (peat, perlite, expanded clay) and arti-
ficial (polypropylene, polyurethane, etc.) materials, dif-
fering in the method of production as well as cultures
of microorganisms, immobilized on its surface.

Industrial waste may be used as carriers that will
be economically profitable to use, environmentally safe
and technologically acceptable to obtain. Expansion the
base of secondary materials for production of bio-
sorbents will allow to use the resource potential of
waste to obtain new materials with specified properties
used in environmental technologies and to minimize
the negative impact of waste on the environment.

In the system of thermal neutralization of the ex-
cess activated sludge a macroporous material-carboni-
zate is formed. Placing carbonizate in the environment
is inefficient and does not solve the problem of reduc-
ing the volume of waste. Using it as a carrier for micro-
organisms with the purpose of obtaining oil biosorbent
will allow solwing several ecological problems at once
[2].

On the basis of previous research optimal condi-
tions for obtaining by the biosorbent by the adsorption
method were determined on base of carbonizate and
microorganisms-oil degraders, separated from oil-con-
taminated soil: dry cell biomass of microorganisms in
suspension — no less than 1 1g/l, immobilization time
no less than 2 hours.

As a result of experimental laboratory research
samples of the biosorbent were obtained with immobi-
lized on it surface microorganisms-oil degraders with
the following parameters: amount of fixed mass-
60£7,2%; amount of immobilized cells of microorgan-
isms-41+2,9%; amount of immobilized cells of micro-
organisms per 1 gram carrier — (2,5=0,4)-107 cells 1
gram.

The purpose of the work is to assess the effective-
ness of the biosorbent, obtained on base of carbonizate,
in the purification of soil and water from hydrocarbons.
For conducting of experimental research by purifica-
tion of water, activated sludge samples were taken from
the aerotank refinery named after G.Aliyev. Sampling
was carried out according to the “Method of measuring
the mass concentration of activated sludge”.

Hydrochemical and hydrobiological indices of ac-
tivated sludge were measured by methodical manual by
hydrobiologicaland bacteriological control of the bio-
logical treatment process at the plants with aerotanks.
Determination of oil products in water was carried out
by the method of IR-spectroscopy and the concentra-
tion of oil products in water was calculated by the for-
mula:

- C,'Vi-K
V2
Where Cs- is content of oil products in eluate;
Vi- is volume of eluate, dm?;

V; - is volume of water sample taken for determi-
nation, dm?;

K-is coefficient of diluted eluate.

For conducted of experimental research by soil
treatment samples of the oil-contaminated soils were
taken from technological bioremediation site. Sampling
selection was realized from surface layer up to depth
0,3m by method of “envelope” (mixed sample on area
20-25m2). Determination of oil products in soil carried
out by method of the IR-spectroscopy. Concentration
of oil products in soil (X, mg/kg) was calculated by for-
mula:

_ Cy V-V Veate
MV,

Where C;- is device readings mg/dm?,

M-is sample weight for analysis, kg;

V-is total extract volume, dm?;

V- is volume of the extract taken for dilution,
dms;

V-is volume of the extract, received after dilution,
dmd;

Var- is aliquot volume of the extract, entered into
the chromatographic column, dm?;

Ver- is the volume of the eluate obtained after pass-
ing the extract through the column, dm?,

Soil moisture was determined by drying of the soil
sample up to the present mass by temperature 105+5°C
and determination the difference in the mass of the soil
before and after drying.

pH reaction was determined in a waster suspen-
sion of the soil using pH meter.

Microbiological control was realized by the fol-
lowing indices: the number of hydrocarbon —oxidizing
microorganisms microscopic fungi and bacteria of the
Azotobacter genus, using the method of planting on
various elective nutrient media widely used in practice.
Represented groups of microorganisms play a major
role by treatment from petroleum hydrocarbons.

Statistical processing of the data was realized
with Excel 2007 program, by calculating the average
arithmetic and standard error of the mean.

Significance of difference between averages was
evaluated using a Student’s t-criterion for a signifi-
cance level 0=0,05.

To determine the effectiveness of the obtained bi-
osorbent based on carbonizate and hydrocarbon oxidiz-
ing microorganisms a series of experimental research’s
on the treatment of water and soil from oil products was
carried out. For the biological treatment experiment the
oil- contaminated waste water was used with content of
oil products 150 mg/dm?3, supplied at the biological
plants of refinery.

Treatment of the oil-contaminated waste water
was realized in the laboratory aerotank by help of acti-
vated sludge, corresponding for use by hydrobiological
and hydrochemical indices: cotton setting speed-fast;
color-dark-brown, odour — marsh, water over settled
sludge-transparent, sludge index 106,6+5 g/ml.

In activated sludge hydrobionts have been identi-
fied that are indicators of good work of the treatment
plants, namely: Tokophzya, Lemnazum, Lecane (Mon-
ostyle) decipiens, Arcelladis Coides, Arcella Vulgaris
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Arthrotardigrade, Vorticella Companula Aclosoma ten-
ebrarum, etc.

As control used the results of experiments on wa-
ter treatment: by traditional method without addition of
sorbents and biosorbents and also by use of carboni-
zate.

Control of the process of water treatment during
the experiment was carried out according to the physio-
chemical (content of oil products, pH) and hydrobio-
logical indices of activated sludge (smell, color, mud-
diness, settling speed of activated sludge microorgan-
isms). Efficiency of water treatment was estimated after
8 and 24 hours of the beginning of experiment.

According to the results of research in all the in-
vestigated variants, the visual state of the activated

sludge was within the normal range. But with micros-
copy of sludge after 8 hours there was deterioration of
the biocenosis: hydrobionts activity decreased, proto-
zoa cysts appeared, species diversity has decreased. Af-
ter 24 hours of biological treatment noted an increase
in activity, number and species diversity, which indi-
cates a relatively stable biocenosis of activated sludge
which is restored naturally and in a fairly short time.

No significant changes in the state of hydrobionts
sludge were observed during the microscopy of sludge
using carbonizate and biosorbent.

Results of experiments by biological treatment of
waste water by help of biosorbent presented in the table
1.

Table 1.

Results of experiments research by biological treatment of waste water

_ In|t_|al content Residual content of oil products Treatment efficiency, %
Variants of oil products, mg/dm
mg/dm 8 hours 24 hours 8 hours 24 hours

1)Traditional 125,8+17.6 65+9,1 19,5 58,1
method

igtgse of carboni- | 551519 71,2472 59,0455 54,4 62,1
3)Use of  bio- 72,2410,1 54,647,6 53,8 65,1
sorbent

As can be seen from table 1, treatment efficiency
of waste water from oil products after 8 hours made up
53,8% in variant 3 and 54,4% - in variant 2, which is
more efficient than the way of traditional treatment
method in 2,3 times.

An increase in treatment time up to 24 hour did not
significantly improve the treatment efficiency in vari-
ant 2 ( use of carbonizate) and in variant 3 ( use of bio-
sorbent). By traditional treatment method (variant 1) ef-
ficiency after 24 hours is increased in 3 times, which
can be explained by the fact that the microscopy of ac-
tivated sludge require more time for processing of or-
ganic substances, which is confirmed by microscopy
research data. The use of carboizate and biosorbent will
not allow to increase the treatment time up to 24 hours,
but to carry out treatment in aeration tank for 8 hours.

Treatment efficiency by help of biosorbent (vari-
ant 3) is insufficient compared to the control variant 2,
which can be explained by necessity immobilization, of
the most effective microorganism used for oil pollution
elimination.

To increase the efficiency of the received bio-
sorbent is recommended: to select the optimal consor-
tium of microorganism-oil biodestructors, using oil as
feeding source and also provide maximum fixation of
microorganisms in the pores of the carrier. Formation
of the microbiocenosis on the surface of the material
depends on the nature of carrier and microorganisms,
the degree of hydrophilicity of the surface of the mate-
rial and living cell, charge of the living cell surface and

carrier, correlation of size of microorganisms cells and
pores of carrier and many other factors.

To determine the effectiveness of the obtained bi-
osorbent in bioremediation technology a series of soil
treatment experiments were conducted, containing
40+5 g/kg of oil products, selected from technological
areas of bioremediation.

Experimental research by bioremediation of the
oil-contaminated soils were conducted in laboratory
conditions in containers by volume 5,0dm® during 3
months. In the course of the research maintained con-
stant conditions: air temperature 20+2°C; pH of me-
dium 6-7; natural lighting; substrate humidity 60+5%.

As control used the results of experiments by soil
treatment: by traditional method with addition of struc-
turer-sawdust (variant 1) and also by use of carbonizate
(variant 20).

Justification for selection of components correla-
tions of the studied substrates were existing technolog-
ical parameters of bioremediation process in climatic
conditions of Azerbaijan ( variant 1); literary data by
use of biosorbent and also experimental data ( variants
2,3). Control of the treatment of the oil-contaminated
soil during experiment was conducted by physio-chem-
ical parameters (content of oil products, humidity and
pH). Effectiveness of soil treatment was evaluated over
1,5 and 3 months since the beginning of the experiment.
Results of experimental research by soil treatment by
help of the received biosorbent on base of carbonizate
presented in the table 2.



[ |

10 Wschodnioeuropejskie Czasopismo Naukowe (East European Scientific Journal) #4(44), 2019 =28
Table 2.
Results of experiments research by soil treatment
Variants of treatment method Initial content of the Residual content of oil Effectiveness treat-
of the oil-contaminated soil oil products, g/kg products g/kg ment, %
' 1,5 hours 3 hours 1,5 hours | 3 hours
1)Traditional method 34+0,2 2,58+0,1 14,8 35,5
2) Use of carbonizate 10£5 34+0,3 2,58+0,2 13,8 37,3
3)Use of biosorbent 28,6+0,2 16,3£0,1 28,5 59,3

As shown the data of the table 2, the effectiveness
of treatment soil from oil products was 59,3% in variant
3 (use of biosorbent) which in 1,6 times higher by com-
parison with variant 2 ( use of carbonizate) and in 1,7
times higher by comparison with variant 1 (traditional
method). Effectiveness of treatment by traditional
method and by use of carbonizate practically no differ-
ent, which allow the use of carbonizate as a structurer
by bioremediation of the oil-contaminated soils.

On base of conducted research by use of the oil
biosorbent was determined:

1. By conducting of wastewater biological treat-
ment by help of biosorbent during 8 hours content of
oil products in purified water is decreased up to 53,8%,
which is more efficient than the traditional treatment
method in 2,8 times. Increase of treatment time up to
24 hours allow significantly improve the treatment ef-
ficiency.

2. By comparison with carbonizate application
of received biosorbent did not allow to increase the ef-
ficiency of water treatment which may be explained by

necessity immobilization on carrier of the most effec-
tive consortium of microorganisms used for liquidation
of oil pollution.

3. Use of biosorbent by biological treatment of
soil will allow to decrease content of oil products up to
59,3 % which in 1,6 times higher by comparison with
use of carbonizate and in 1,7 times higher by compari-
son with traditional treatment method.
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METHODS OF INFORMATION TECHNOLOGY OF LINGUISTIC MODELING FOR ANALYSIS
AND FORECASTING OF FINANCIAL TIME SERIES

Heoawkiecokuii €ezen Anamoniiioguu
acnipaum,
Hayionanvuuii mexuiunuii ynieepcumem Yxpainu

Kuiscokuii nonimexuiunuii incmumym imeni leops Cikopcoko2o

METO/IAUKA IHOOPMAIIMHOI TEXHOJIOI'Ti JITHI'BICTUYHOI'O MOJEJTIOBAHHSA JIJI51
AHAJII3Y TA NPOTHO3YBAHHA ®IHAHCOBUX YACOBHUX PAIIB

Summary: The processes of linguistic modeling in the analysis and forecasting of financial time series are
investigated. As a result, proposed the method of information technology linguistic modeling for the analysis and
prediction of financial time series. The result of predicting the fractal time series is displayed in a linguistic form,
taking into account the trends of changes over the entire time interval. The numerical form of the forecast is de-
termined by the individual assessment, based on the characteristics of each individual unit of the number series.
On this basis, the peculiarity of an information system for analyzing and forecasting financial time series using
linguistic modeling is the ability to obtain an accurate multi-level forecast of all possible types and intensities of
elementary trends underlying the financial time series. The developed technique allows comparing indicators and
calculating a generalized indicator of financial time series, taking into account co-dimension, scaling, systematic,
proportionality and forming a general forecast level.

AnoTanis: JlocipKeHi MporecH JIIHrBICTUIHOTO MOJISTIOBAHHS MPH aHAaTi31 Ta IPOTHO3YBaHHI (hiHAHCOBHX
YacOBHX PAAIB. Y pe3yibTaTi 3alPONOHOBAHO METOIUKY iH(GOPMAIiHHOI TEXHOJIOTIi JIHIBICTHYHOTO MOJIEIIO-
BaHHJ IS aHai3y Ta MPOTHO3YBaHHS (iHAHCOBHMX YaCOBUX PSAIiB. Pe3ymbTaT mporHo3yBaHHs (GpakTAILHOTO Ya-
COBOTO PSIy BUBOJUTHCS Y JIHTBICTHYHIN GOpMi BpaxOBYIOUYH TEHACHINI 3MiHH Ha BCbOMY 9acOBOMY BiIpi3Ky.
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Yucnosa x (popMa pOrHo3y BU3HAYAETHCS 1HANBIyaIbHOIO OLIIHKOIO, sIKa 0a3y€eThCsl HAa XapaKTEPUCTHUIL KOKHOT
OKpeMoi OJIMHUII YUCIOBOTO pAAY. BUX0as1au 3 IbOT0, 0COONUBICTE iHPOPMALIHHOT CHCTEMH [T aHATI3Y Ta IIPo-
THO3YBaHHA (DiHAHCOBMX YACOBHX PAIIB 3a JOIOMOTOIO JIHI'BICTHYHOTO MOJETIOBAHHS IMOJISTAa€E B MOKIMBOCTI
OTpPHMaHHS TOYHOTO 0araTopiBHEBOTO MIPOTHO3Y YCiX MOXIIMBUX THITIB Ta IHTEHCUBHOCTEH €JIeMEHTapHUX TCHIIC-
HIIIH 3aKJaIecHuX B OCHOBY (piHAaHCOBHX YacoBHUX psfiB. Po3pobieHa MeToanka H03BOIISIE MTOPIBHIOBATH ITOKA3-
HUKH 1 pO3paxOBYBaTH y3araJlbHeHUH TIOKA3HUK (piHAHCOBHUX YaCOBUX PAMIB 3 YpaxXyBaHHIM KOPO3MipHOCTI, Mac-
mTadyBaHHs, CHCTEMaTHIHOCTI, IPOIOPLIHHOCTI TOIIO i HhOpMyBaHHSIM 3aralbHOTO PiBHS MIPOTHO3Y.

Key words: financial time series, linguistic modeling, information technology, fractal analysis, forecasting.

Kouosi cnosa: ¢ghinancosi uacosi psiou, ainegicmuune MoOOENO8aHH S, IHQOPMAYiiHi MexXHON02Il, gpakma-

JIbHULL QHA3, NPOSHO3Y8AHHSL.

IMocranoBka npodaemu. MiHaHCOBI MMOKA3HUKU
B EKOHOMIUHIH Teopii 4acTo po3IIIsAAlOThCs Y BUIIISI
BHITQJIKOBUX BeMW4YWH [1], a OLIBIIICTh MAXOMIB IO
aHaJIi3y Ta MPOTHO3YBAHHS YAaCOBHX PSIIiB 3 PpaKTaIb-
HUMHU BIIACTUBOCTSMH, 3aCHOBAHO Ha CTATHCTHYHHX
MeToaax i Mogensax. CiiJ BIIMITHTH PO aKTYaIbHICTh
1 MacIITabHICTh JAaHUX ITIIXO/IB, aJle BOHU HE € [0CTa-
THHO TOYHHMMH, B CHIIy BIJCYTHOCTI PO3YMIHHS IpH-
POAM MIHJIMBOCTI PHHKIB KalliTally 1 MeXaHi3My nepea-
OaucHHS KOJHMBAaHHS IiH. Y OUIBIIOCTI BHIAIKIB, pe-
3yJIbTaT BUHUKHEHHS 30BHIIIHIX (akTopiB 3/iHCHIOE
BIUIMB Ha JUHaMIKy 4acOBHX DSAIB 3 (paKkTaIbHUMH
BJIACTHBOCTSIMH, TOOTO BiOYBa€ThCsi TOPYLICHHS
CTPYKTYpPH, a TONEepeaHi JaHi 3aIMIIAIOTHCS HE3MiH-
HuUMH. Lle € ocobnmBicTIO PakKTUIHO OYyIB-SIKOTO (hi-
HAHCOBOTO 4acoBOTO psiay. ToMy B yMOBax Cyd4acHOL
PHHKOBOI EKOHOMIKH aKTyaJIbHUM IHUTaHHAM € PO3pO-
Okxa MeToIuKH iH(OPMAIiHHOI TEXHOJOTIi JIIHTBICTHY-
HOTO MOZIEITIOBAHHS JUIS aHAJII3y Ta IPOTHO3yBaHHSA (i-
HAHCOBHUX YaCOBHX PSJIIB.

AHaJni3 ocTaHHIX 1ocaifkeHb i my6aikaniii. Bu-
KOHAHHSI aHaJIi3y 4acoBUX psiiiB [2, 3], B yMOBax HUHI-
IIHBOI €KOHOMIYHOI HayKH, BilOyBa€ThCs Ha OCHOBI
pozainy MateMaTH4HOI (i3UKH, KU aKTHBHO PO3BH-
BA€ETHCS 1 MOTJIMHAE, SIK METOAN TEOPii ANHAMIYHUX CH-
CTeM, Tak i MeToau (pakTaiapbHOTO aHamizy [4]. Ak ok-
peMa CTpyKTypHa OJIUHUILL, JaHHH MEXaHi3M aHali3y
AKTHUBHO 3aCTOCOBYETHCSI B €KOHOMIIII IJIs aHAII3Y iH-
(hopMariii y BUTTISAAI YaCOBUX PAIiB KOTUPYBAHb aKIii
KOMITaHil. AJTOPUTM MiAX0Qy 0a3yeThcs Ha HecTali-
JIBHOCTI PUHKY I[IHHUX ManepiB, M0 MPU3BOAMTEL 10
3HAYHUX KOJIMBAHb 1 K HACII/IOK, 10 BUHUKHEHHS Xa-
OTUYHHX AMHAMIYHUX CUCTEM. Xa0C B IMHAMIYHUX CH-
cTeMax, Iie Hilllo 1HIIe, sIK eKCITIOHSHTHUH PO3KHT OJIn-
3BKUX TPAEKTOPiN IS KIIacy XaOTHYHHX aTPaKTOPIiB.
PiBeHb EKCMOHEHIIATLHOTO PO3KUAY XapaKTepH3y-
€TBCS CTApIIMM MOKa3HUKOM JIAmyHOBa, a piBeHb «0e3-
nmamy» — eHrpomiero. Hacmigok 3HaXomKeHHsS Oyab-
SKAH 3 IUX BEJUYUH, € 3HAUYCHHSIM TOPHU30HTY IpO-
THO3Y /ISl aHaJi30BAaHOTO 4YacoBOTo psay. Tak camo
3HAXO/KEHHSI PO3MIPHOCTI BKJIAJEHHs, TOOTO MiHIMa-
JbHE YHUCIO JWHAMIYHUX 3MIHHHUX, SKi OJHO3HAYHO
ONUCYIOTh CIIOCTEPEKYBAHUN MPOIEC, MOXKHA 3HANTH
BHUKOPHUCTOBYIOUH (DyHIAMEHTAIbHI aCTIEKTH Teopii An-
HaMiYHUX CHCTEM.

B cuy Toro, mo mporecu KonuBaHHS (iHaHCO-
BOTO PHMHKY MalOTh JWHAMIYHHH XapakTep, MEXaHi3M
OTpHUMaHHS 10/1aTKOBOI iH(opMallil Hece HeOLliHEHHUI
BKJIaJ] B TOYHICTb 1 IPaBWIBHICTh NMPUHHATUX PILICHB,
IO BKpail BAXJIMBO ISl OLTBIIOCTI aKI[IOHEPHUX KOM-

naHiit. CaMe Cuparvrch Ha JJaHe CYIKCHHS, CITiJ TijI-
KPECJINTH, II0 METOAU aHali3y YacoOBHX psiB, SIKi
MIPUATILTN 3 HENiHIIHOT AMHAMIKH, MalOTh MPIOPUTET-
HUH BIUTMB HAa KOPEKTHUH NPOTHO3 BiTHOCHO PHHKY
LiHHUX TaIepiB.

Ha cporoaHi, popmyBanHs Ta moOymoBa Moaeen
CIpSIMOBAaHUX Ha BiJOOpakKeHHS AWHAMIKK (piHAHCO-
BUX 4acOBHX psliB [5] € onHi€IO 3 TOJIOBHUX MTPOOIEM
IIPY aHaJi31 Ta MPOTHO3YBaHHI YaCOBUX DAIIB 3 (pak-
TJILHUMH BJIACTUBOCTAMHU. OCKIJIBKH 30BHIIIHI (hak-
TOPH 3/IHCHIOIOTh BIUIMB Ha JAWHAMIKy YaCOBUX PsIIiB
3 ()paKTaTbHUMH BIACTUBOCTSIMHU 3 IOPYIICHHSIM CTPY-
KTYpH 1 HE3MIHHICTIO MONEPE/IHIX TaHHUX, B CUITy IPH-
CYTHOCTI HENiHIHHOCTI BUKOPUCTAHHSI METOMIB THITY
MACD a6o ARIMA ctae Hee(peKTUBHUM Ta BHUKJIAKAE
CHCTEMAaTHYHI TIOMHJIKH y TIPOTHO3I.

[Ipobmemam aBTOMAaTH3AIll Ta PO3pOOKAM METO-
IUKH TTOOYZOBH CHCTEMH aHaJi3y Ta MPOTHO3YBAHHSI
YaCcOBHX PAAIB 3 (PpaKTaIbHIMHU BIACTHBOCTSIMH IIPHC-
BsiueHo poboru: ILI. Bimroka, O.1. CaBenkosa, 1.B. ba-
kiaHa [5], A.K. Jlonaruna [6, 7], O.YO. bep3nesy [8],
A.C. Heunmnopenka [9], I.A. Jlukosa, C.A. Mucnus-
uisa [10], A.B. Marsiiiuyka [11], .. Jlyk’siHenka,
B.M. Kyxka [12], G. Koop, D. Korobilis [13], Vercellis
Carlo [14], Pandit S.M., Wu, S.-M [15] Ta in. Taxi aB-
topu sik B.}O. Ayorunekuii [16] Ta K.I. Kpumyn [17]
HA/Ial0Th BUYEPITHY iH(HOPMAIIIO TI0 CKIIaIaHHIO iH(O-
pMaliifHuX MaTpHIb Ta METOIOJIOTIi CHCTEMHOTO aHa-
Ji3y B paMKax JOCIiKYBaHOT CHCTEMH.

[IpoBenenuii aHami3 Cy4yacHHX HAyKOBHUX pPOOIT
NOKa3aB, 110 JIOCHI/PKEHI PO3POOKH Ta JIOCSTHEHHS He
BPaxoBYIOTh ICHYIOYMH 1 JyXe BaXJIMBUIl B3ae-
MO3B’SI30K MIXk aHAJIi30M YaCOBHUX PSIIiB Ta 1X MOJalb-
LIMM [POTHO3YBAaHHSIM 3 ypaxyBaHHSM (ppakTanbHHX
ocobimBocTeil. ToMy, icHye HaraibpHa oTpeda B mojia-
JILIIIOMY JOCIIDKEHH] METO/IiB, TPUHIIUIIIB Ta MEXaHi-
3MiB peanizanii, popmaiizamii Ta anropuT™izarii npo-
Liecy aHaJli3y Ta NPOTHO3yBaHHS 4acOBUX PAMIB 3 (pa-
KTJIbHUMH BJIACTUBOCTSIMU B CHCTEMi YNpPAaBIiHHS
iHpopManiiHUMHU TEXHOJIOTIIMH €KOHOMIYHOTO CIIeK-
Tpy.

Bunisiennsi HepHpilmIeHUX paHile YaCcTHH 3ara-
JbHOI Mpo0djemMu. Pe3ynpTaT mporHozyBanHs (pakra-
JIBHOTO YacOBOTO DPSIy BUBOIUTHCS Y JIIHTBICTUYHIN
¢opmi Ha BChOMY 4acOBOMY Bifpi3Ky. Yucmora x ¢o-
pMa IPOTrHO3Y BU3HAYAETHCS 3arajbHOIO OLIIHKOI0, a He
IHAWBiAyanpHOMO, sika 0 Oa3yBaysiach Ha XapakKTepuc-
THLI KOKHOI OKpEMOT OAMHHUIII YHCIIOBOTO psity. [laHe
MIUTaHHS € HeBHpilleHuM. Po3poOka MeToanKu 103BO-
JIUTH OTPUMATH OUIBII TOYHHMU OaraTopiBHEBHI Hpo-
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THO3 yCiX MOXITMBUX THUIIiB Ta iIHTCHCHBHOCTEH eemMe- Bukiaan ocHoBHOro martepuaiy. OCHOBOIO Me-
HTapHUX TEH/ACHIIIH 3aKIaleHNX B OCHOBY (DiHAHCOBHX  TOXUKM CTBOPEHHS iH(POPMALIHOI TEXHOJOTII Iyt
YacOBHUX PAIIB. aHaJi3y Ta MPOTHO3yBaHHS (DiHAHCOBUX YaCOBHX PSJIiB

Mera crarti. MeToto cTarTi € po3poOka MeTo- 3a JOMOMOTOK0 JIHTBICTHYHOTO MOJENIOBAHHS €
IWMKH iHpOpMamifiHoi TexHoorii JinrBictuanoro mo-  Model-view-controller (puc. 1) [18].
JICITFOBAaHHS /I aHaji3y Ta IPOTHO3YBaHHS (iHaHCO-
BUX YaCOBUX PSIIB.

Index.php i App components

controller

/ - \

model view

Pucynox 1. Cxema Model-view-controller

Jlnst BUpilIeHHS 3aBaHHS IPOTHO3YBAaHHS YacOBOTO PANY 3 (paKkTalIbHUMH BIACTUBOCTSMHU B TEpPMiHAX JIiH-
I'BICTUYHOTO MO/ICTFOBaHHSI ITPOIIOHYETHCS BUKOPUCTAHHS CXEMH, sIKa HaBeJleHa Ha puc. 2.

——»|  Yacosa wkana

Brok npeacTasnexHsa
psny
XapakTtepucTuku
4acoBoro psay 3
hpakTansHuMn
BNACTUBOCTAMN

MponopuiitHicTs
KopoamipHicTb
MokaaHuk Hurst
IHAeke cpakTanbHOCTi
CuctematniHicTs

[E— Mogens

Huaka sHaueHb
yHKUT

dopmyBaHHs
BUCHOBKY

[liana3oH cnpaBxHix
3HaueHb

Briok aHaHb

PeayribTaT NporHo3yBaHHs 4acoBoro
pAy 3 hpakTanbHumMmM
BNIACTUBOCTAMU. CYMApHI 3HaUEHHS

Pucynox 2.
Cxema peanizayii 3anpononosanoi Mooeii npoSHO3YEAHHsL HACOB020 POV 3 PPAKMATLHUMU GIACMUBOCHISIMU

[NomepemHro Mozeb iHGOPMaiHHOI CHCTEMH IS aHaJi3y Ta MPOTHO3yBaHHS (PiHAHCOBHX YaCOBHUX PAMIB 3a
JIOTIOMOTOI0 JIIHTBICTHYHOTO MOJETIIOBAaHHS MOXHA TPEJICTAaBUTH Y BUIIIAI (QYHKIIIOHATBHUX CXEM MPETEHICHTIB

(puc. 3).
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CTBOPEHHS! 4aCoBOO PSAlY 3 (paKTaNbHUM
BaCTUBOCTAMM

PoGoTa 3 hiHaHCOBIUM 4acCOBUM PsAOM

Kopuctys PepiarysaHHs 4acosoro psay 3
hpaKTanbHIMY BNACTUBOCTAMM

BuKoHaHHs oBuMCneHb 3 aHanisy Ta
NPOrHO3yBaHHIO 3a BiAMOBIAHAMM 3ax0aamMu

BiinaneHHs 4acoBoro paay 3 hpakTanbHUMM
BNacTMBOCTAMU

B6epexeHHs y thaiin 4acoBoro psay 3
hpaKTanbHIUMU BIIACTUBOCTSIMY

Bisyanisauis pesynbTatis
o6uncneHb

aBaHTaXXeHHS 3 (haiiny 4acoBoro psay 3
(bpaKTanbHUMN BNacTUBOCTSIMU

Pucynox 3. Jiaepama npeyedenmis ingpopmayitinoi cucmemu 015 AHAIZY MA NPOSHO3VEAHHS
@inancosux uacosux paoie 3a OONOMO2010 JH2BICMUYHO20 MOOETI08AHHS

CyTHICTh CTPYKTYpH CHCTEMH Iepeadadae MOXIUBICTh PO3MOALTY (PYHKITIOHAIEHUX MOXIUBOCTEH Ha IBi
Oasm:

- mepiia 6a3a Mae Ha MeTi popMyBaHHS YacOBOTO Py 3 GpaKTaTbHHUMH BIACTHBOCTSMH Ta MPEICTABICHHS
3arajyibHOI MoJieNi psany (puc. 4)

- nIpyra 0a3a IPyHTY€ThCsI HA MaTeMaTHYHIH CKJIa[0B1i, BUKOHYIOUH BC1 HEOOXiHI 0O0uucieHHs (puc. 5).

Bu3aHaueHHs cneuudiku ciHaHcoBoro psay

CTBOpPEHHS (hiHAHCOBOrO 4acoBoro psay)

KopuctyBay

BunaHayeHHs TepMiB NiHrBICTUYHNX 3MIHHUX

BBeﬂeHHﬂ noYaTKoOBUX AaHUX

OKpecneHHs 3HaueHb BXIOHWX NIHIBICTUYHNX
3MiHHUX

3\iHa abo BUAaneHHs NiHrBICTUYHUX 3MIHHWA
Ta Tepmis

Bur3HayeHHs 3Ha4YeHHs BUXIOHOI 3MiHHOI

Bu3HayeHHs HU3KKM 3axoaiB MpOrHo3yBaHHsA

Pucynox 4. [liazpama ¢hopmysanns uacoeozo psoy 3 hpaxmaneHumu 61acmueoCmamu
ma npeocmasnents 3a2aibHoi Mooeni psoy

Po3paxyHok 3Ha4eHHs1 KOPO3MIpPHOCTi

KopwuctyBau

Po3paxyHok 3Ha4eHHs NponopLiiHOCTi

BukoHaHHs o6uncneHb
aHanl3y Ta nporHo3yBaHHs

MalutabyBaHHs chiHaHCOBOro 4acoBoro psiay)

Bu3HayeHHs cuctemMaT4HOl CknagoBoi

Pucynox 5. [Jiaepama npunyunie nposedenns MamemamuiHux 004ucieHs
ma opmyeanus pe3ynomamy npoeHo3y



14

Wschodnioeuropejskie Czasopismo Naukowe (East European Scientific Journal) #4(44), 201

[ |
g EIE

MexaHi3M BUBEAEHHS MPOTHO3HUX 3Ha4EHb 0a3y-
€ThCS Ha BU3HAYCHHI MOJIEINI BXiTHOTO psmy. Y pasi Bu-
3HAYCHHS CTPYKTYpPH (PaKTAIBHOTO YacOBOTO PSIy
pe3ynbTaT IPOTHO3YBAHHS BHBOIMTHCS Y JIIHIBICTHY-
Hill GopMi BpaxoByIOUM TEHACHII] 3MiHH Ha BCHOMY
4acoBOMY Bizpi3ky. UmncioBa x (opma IpOrHO3Y BH-
3HAYA€ETHCS 1HAWBIAYaIbHOIO OIIHKOIO fKa 0azyeThcs
Ha XapaKTEePHUCTHI KOXKHOI OKpeMoi OJMHHMII YUCIIO-
BOTO psny. Buxoasuu 3 nporo, ocodauBicTh iHpOpMa-
IIITHOT CHCTEMHU [T aHaJIi3y Ta MPOTHO3YBaHHS (PiHAH-
COBUX YaCOBHX PSJIIB 32 JOIMOMOIO0 JIHI'BICTUYHOTO
MO/ICTIFOBaHHSI TIOJISITA€ B MOKJIMBOCTI OTPUMAaHHSI TOY-
HOT0 0araTopiBHEBOI'O POTHO3Y YCiX MOXIIMBHX TUIIIB
Ta IHTCHCUBHOCTEH eJIeMEHTapHUX TCHICHIIIH 3aKIaze-
HHUX B OCHOBY (DiHAHCOBHX YaCOBHUX PSIIB.

PiBeHB «IOpi3aHOCTI» YACOBOTO DPSIy BH3HAYAE
(hpakTagbHa PO3MIPHICTB, 3 IFOTO BUXOIWTSH, IO (ppa-
KTaJbHY PO3MIPHICTE 1, piBHY 11 €BKIIIOBii pO3MipHO-
CTi NTOBMHHA MaTH TpsiMa JiHis. YacoBuid psin 1iH Ha

aKTHBHU € 3a3yOpeHy JiHit0. BoHa He ogHOMIpHA, Tak K
HE € TIPSAMOI0, B TOM K€ Yac BOHA i HE ABOMipHA, TaK 5K
HE 3a0BHIOE IDIOMHWHY. TaKuM YHHOM, PO3MIpHICTH
(iHAHCOBOTO PSTY 3HAXOIUTHCS Mi>K OJTMHHIICIO 1 IBiHA-
KOI0. 3TiHO 3 OUiKYBaHHAMH (ppakTasbHa PO3MIpPHICTH
BUITIKOBOT'0 YaCOBOI'0O Sy CTAHOBUTH 1,5.

s BupimeHHs: Ipo0IeMH afanTHBHOTO MiAXO0Ty
B aBTOMATH30BaHIiil CHUCTEMi aHaji3y Ta MpPOTHO3Y-
BaHHS (DIHAHCOBUX YaCOBHX PSIIB 32 JOIIOMOTOIO JIiH-
I'BICTUYHOTO MOJIETIOBaHHS BUKOPUCTAEMO MOJIETIb CH-
HTE3y YacoBOTO psAAy 3 (pakTaJbHUMH BJIaCTHBOC-
TaMU. Buxonmsum i3 3amay opranizamii aHamizy Ta
MIPOTHO3yBaHHs (PiIHAHCOBHMX YaCOBHX PsAIB 3a JOMO-
MOTOIO JTIHTBICTHYHOTO MOJIENIOBAHHS, MPOTHO3 IIa-
HY€TBCS Ha TIEPiOA, TPUBANICTH SKOTO BH3HAYAETHCS

9acoM IMPOTHO3Y TH (puc. 6) i KiIBKIiCTIO 32c00iB —

Sn BHU3HAYCHUX JJIS IPOBEJCHHS POTHO3Y [19].

Pucynox 6. Ilepioo nianyeanms npoeHosy

Buxozsau 3 TOro, Mo MporHO3yBaHHA YaCOBUX PSIB 3 (PpaKTATEHUMHE BIACTHBOCTSIMH BKITIOYA€ B cede Ki-
JIbKa TIOCIIJOBHMX IIPOIECIB 3aralbHuil piBeHb nporrosy H' moBuHeH 3HaxomUTHCA B Aiana3oHi MiX MiHiMalb-

HUM i MaKCUMaJIbHAM 3Ha4eHHAM (pHC. 7).

Tn

max
H™

0 Hminl_|

A

Hn

Pucynox 7. @ynxyis poznodiny piens npoenosy H'! uacoeux padie
3 hpakmansvrHumu eracmugocmamu 6io yacy
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st mepiony T xapakrepHuM € NPOBENEHHS 3aranpHa GopMysa OOUMCICHHS PIBHSI IIPOTHO3Y
BCHOTO CIEKTPY MAHIITYJIALIH, TAKUX SIK BUIUICHHS KO- Hl\r}li, 3TiTHO HABEICHOTO TPagigHOTO MpENCTaBICHHS,
PO3MIPHOCTI, MacIITabyBaHHs 9aCOBOTO Psify, OPMY-  nvae HACTYIHMIA BHIIIS:
BaHHS CTATHYHOTO PAmY, Towo. s Kpamoro aHaiisy
KOY€EH 13 3aX0/1iB poanqﬂineﬁnﬁ Ha MOJYJIi, MOKJINKaH1 Hﬁ_ — f( Ky, Py SM-) 2)
copMmyBaTH IEBHUH PIBEHB IPOTHO3Y. ! vome T
Bynp-sxuit 3axiq M; HaJe)XUTh MHOXKHHI:
M;e{M},i = 1,m, (D
ne {M} MHOXUHA, SiKa CKIIAIAE€THCS 3 YCIX MOYKITU-
BUX JUISL 3aXO0JIiB IIPOTHO3Y.
XapakTepuCTHKaMH KOXHOTO 3 OKPEMHUX 3aXOJiB
NporHo3y M; 3a NeBHMI Yac NPOBEAEHHS Ly, € HACTY-
HI:

Bynp-sxuii 3axin M; ctBoproe iHpopmaniiiHy 6a3y
3 meBHUM KoedirieaToM K (3a KOXKHOIO 3 KOMITOHEHT
Ky, Puy Su,)» AKa € inbopMattifinum mosem Juist iHmmx
3ax0fiB mporHo3y. OTke Ha MPOTHO3 YaCOBUX PSIB 3
(paxranbauMu  BIacTUBOCTAMA Ky, Py, Sy;» MOS0
KOKHOTO 13 3axomiB M; 3 oqHOTO OOKY, O€3mocepesHp0
BIDIMBAIOTH 1HIITI, IEPEAYIOUi 3aX0/IH, a 3 1HIIIOTO, 3/il-
CHIOIOTH BIUTMB Ha PiBEHb MPOTHO3Y YACOBUX PSIIB 3
(paKkTaTbHUMHU BJIACTUBOCTSAMH , IO (HOPMYIOTBCS
- CHCTeMAaTHYHICTb Sy, €5,1 = 1,m; K;» Pu;» S, Ha HaCTyNHHUX eTamax 3axofiB (puc. 8).
- 3QJIUIIOK Zm.

KOPO3MIpHICTh KMiEK ,i=1,m;
- TIpOMOpPIiiHICTh PMl.eP,i = 1,m;

M, M,

KopoamipHicTb Km KopoamlpHictb KMn

»\ponopuiiHicTs P ol ¢———

|

CucTeMaTnyHicTb \ ot | Cucrematunynicts CucTeMaTUYHICTb \ |
|

S |

Sm1 m2 !
,,,,,,,,,,,,,,,,,,,,,,,,,, )

1 2 n
Pucynox 8. Mexanizm snumms koowcroi 3 komnonernm Ky, Py, Sm; 3 Hacmynnoio ma nepedyiouoo,
3a ymosu, wjo i>1

MponopuiikicTs Pp,

MponopuiitHicTb P /e

VY pasi KOMIIJIEKCHOTO MPOTHO3Y YaCOBHX PsiB 3 (hpaKkTalbHUMHU BIACTUBOCTSIMHU, CIIOCTEPITa€ThCs 3IUTTSI
KOXHOT0 3 KOMIIOHEHT Kjy,, Py, Sy, 3 HACTYIIHUM Ta IIEPEAYIOUNM, 38 yMOBH, 10 i>1. OnucaHni nporec Tpaxc-

(hopMyeThCS Y 3aICHKHICTD Hﬁi BiOBIIHO 110 3HaueHb K um; w Pu; w Sm; =
3 ypaxyBaHHIM IUX (aKTOpiB, (2) mpUiiMe BUTIISI;

I —
HMz/M =f (KMi/M’ PMi/M'SMi/M) 3)

{06 ypaxyBaTd BCi PO3LIISTHYTI B3a€MO3B’SI3KM MK 3axojamMu M;, MO MalOTh Miclie IPU MPOTHO3YBaHHI
YaCOBHUX PAMIB 3 (ppakTalbHUMH BIACTHBOCTSIMHE, HEOOXITHO MPEICTABUTH 1X TpadigHO, U IHOTO MOOYAYEMO

MAaTPUIIO CYMIKHOCTI KOe(II[i€HTIB B3a€EMHOT'O BILIUB Be 0;1 3a KO’KHOIO 3 KOMITOHEHT IONEPEIHLO PO3pa-
y Y

XOBaHMX KOe(illiEHTIB B3a€EMHOTO BILUTHBY BZM. , BN i BUM_ €JIEMEHTIB NPOrHO3y M;:
1 1 I

BKM1,1 K BKMl,m BPM1,1 K BPMl,m BSM1,1 K BSMl,m
B=f M O M |[B.=l M O M |[B;=| M O M |y
BKMm.l BKMm,m BPMm,l L BPMmYm BSMm,l BSMm,m

3a3HaueHi MaTpHLli y CBOEMY CKJIaJl MarOTh HOBHHMM IEpeNiK aHalli3y BCiX KOMIIOHEHT NMporHosy. Bonu €
KBaJPaTHUMH 3 PO3MIPHICTIO — m X m.

OTxe, BpaxOBYIOUYH MTOKa3HUKH iHPopMaIliitHoi 6a3H, CKJIaIeHO Ha OCHOBI MOTNIEPETHBO TPOBEACHHUX 3aX0/1iB
MIPOTHO3YBaHHI YaCOBUX PSAIB 3 (paKTaJbHUMH BIACTHBOCTSAMH 3 MHOKMHA M Ta NMPUIMAIOYX 10 YBar Jir0
MaTpPHIIb CYMIKHOCTI KOe(iIlieHTiB B3a€MHOTO BILTUBY, sIKi OpMye KOKEH 3axij] MporHo3y M;, 3aluIieMo:
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m
Kyym = Ky, + Z KM]-BKM]. (5)
j=1
m
PMi/M = PML- +ZPMJ-BPM]. (6)
=1
m
Smym = Sm; + Z SM]-BSM]. 7
=1

3 ypaxyBaHHSM BH3HAYCHHS OKpEeMUX KOe(IIli€HTIB BiAIOBITHO A0 MaTPHUIIh CYMIXKHOCTI, TOTIEPEHIA BUpa3

3alIMIIEMO SK:

m m m
Q% =f| Ku, + Z KM,-BKM]. Py, + Z PM,-BPMj ,Su; + Z SM,-BSM,- (8)

=1

BuxopucToByrour Bupasu 5-8 MOXKHA BU3HAYUTH
pIBEHb NPOTHO3YBaHHS YacOBHX PsNiB 3 (paxTajb-
HUMU BJIACTUBOCTAMH Q,rvl,i /m 3 YPaxyBaHHAM inpopma-
1iiiHO1 0a3u, OTPUMAHOI BiJl MPOBEACHUX PAHIIIIE 3aX0-
JIIB IPOTHO3Y 3 MHOKUHHU M U151 OyIb-IKOTO 3ax01y M;
NpY IUTaHYBaHHI IIPOLECY TPOTHO3YBaHHSL.

BucHoBkH Ta npomno3unii. Y po6oTi 3ampomnoHo-
BaHO METOJIUKY iH()OPMAIIiITHOT TEXHOJIOTIT JIIHIBICTH-
YHOTO MOJEJIIOBAHHS ISl aHANI3y Ta NMPOTHO3YBaHHS
(hiHAaHCOBHX UYacOBHX psfAiB. Pe3ympTaT mHpOTHO3Y-
BaHHS ()PaKTAIBHOTO YAaCOBOTO PsiLy BUBOAUTHCS Y Ji-
HTBiCTHYHINA (popMi BpaxoBYIOUH TEHJACHIII 3MiHH Ha
BCHOMY 9acOBOMY Binpi3ky. UmcioBa x ¢opma mpo-
THO3Y BHM3HAYAETHCS IHAMBIAYaTbHOIO OIIHKOIO, SIKa
0a3yeTbCsi Ha XapaKTEPUCTHUIl KOXKHOI OKpeMoi OJu-
HHUIII YMCIIOBOTO psiy. Buxomusuu 3 1boro, 0co0IMBICTh
iHhOpMaIiHHOT CUCTEMH [UIsl aHAi3y Ta HPOTHO3Y-
BaHHs ()IHAHCOBUX YaCOBUX PSIIIB 3a JIOMIOMOTOIO JIiH-
IBICTUYHOTO MOJIEJIOBaHHS IIOJISITAE B MOJKJIMBOCTI
OTpPHUMaHHS TOYHOTO 0araTopiBHEBOTO MPOTHO3Y YCiX
MOXIIMBHX THUIIB Ta IHTEHCHBHOCTEH €IEMEHTapHHUX
TEHJICHIII} 3aKIaJIeHNX B OCHOBY (hiHAHCOBUX YaCOBHX
psnpiB. Po3pobiiena MeToauka iH(OpMAIiifHOI TEXHO-
JOTi1 JIHTBICTHYHOTO MOJENIOBAHHS U aHANI3y Ta
MPOTHO3yBaHHA (HIHAHCOBUX YACOBHX PSJIIB TO3BOJISIE
MOPIBHIOBaTH MOKA3HUKH 1 PO3PaX0OBYBATH y3arajbHe-
HUI MMOKa3HUK. J{J1s Kpaloro aHasi3y KokeH MOKa3HUK
(KOpo3MipHICTh, MacIITa0yBaHHS YaCOBOTO PsLy, CHC-
TEMATUYHICTh, MPOMOPIIHHICTE, TOIIO0) (hOopMy€E 3ara-
JBHUH DPIBEHb MPOTHO3Y. 3allpOIOHOBAaHA METOAWKA
JIO3BOJISIE aJIANTYyBaTH MPOLEC MJIaHYBaHHS MPOTHO3Y
(hiHAaHCOBUX YaCOBHX PSJIiB J0 3MiHH 3aBJJaHb Ta PiBHSI
copmMoBaHOCTI moyatrkoBoro psay. Hapmami, HeoOXi-
JTHO BUKOHATH €KCTIEPUMEHTAJIbHI JOCIIKEHHS 3 aHa-
Ji3y Ta NpPOTrHO3yBaHHS (P iHAHCOBUX YAaCOBHUX PsAIB Ha
OCHOBI 3aIIPOIIOHOBAHOT METOJIMKH 1H(POPMAiHHOI Te-
XHOJIOT1{ JTIH'BICTHYHOTO MOJETIOBaHHS.
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Y3enzep Anexceit Anopeesuu,

k.m.H., PI'BOY BO «Camapckuii 20cy0apcmeeHHbll MeXHUYeCKUil YHUgepcumen »

INOJIYYEHUE KBAJIPATYPHBIX CUT'HAJIOB B UBMEPUTEJIBHBIX CUCTEMAX IIPH
oMoy NPEOBPA30BAHUA I'NJIBBEPTA

AHHoTanus: B craThe paccMaTpuBaeTCs BONPOC MOJIYYEHUS KBAApPaTYPHBIX CHTHAJIOB B M3MEPHTEIbHBIX
crcTeMax Ipu noMouiu npeodpazoanust [ mibOepra 1 00paboTKa KBaApaTypHBIX CUTHANOB. [Ipeamnonaraercs 4ro
npeobpaszoBanue ['uabpOepTa OyneT paboTaTh B yCTPOWCTBAX C OrPAHUYEHHBIM BBIYUCIUTEIBEHBIM PECYPCOM.

Abstract: The article discusses the issue of obtaining quadrature signals in measuring systems using the Hil-
bert transform and processing quadrature signals. It is assumed that the Hilbert transform will work in devices with

limited computing resources.

Krouesvie cnosa: keaopamyprule cuenanvl, npeobpasosanue I unvbepma, AL, KUX-¢puromp, OHY.
Keywords: quadrature signals, Hilbert transform, ADC, FIR filter, low-pass filter.

Beenenne

[Tpu perucrpanyy BHEUIHUX aHAJIOTOBBIX CHI'HA-
JIOB Ha BBIXOJIE aHAIOT0-IU(POBOro mpeodpazoBaTes
(ALI]) mekeHEp MONydYaeT psAA KBAHTOBAHHBIX AEH-
CTBHUTENBHBIX 3HAYCHUH, XapaKTePU3YIOIINX U3Mepsie-
My BenmuuuHy. B psme 3amau mmpoBoit 00paboTKu
curnainoB, Harpumep bI1®, ynoOHee oT neiicTBUTENB-
HOHM (hOpMBI ITPEACTABIICHUS CUTHAJIA TIEPEHTH K KOM-
TUIEKCHOW (KBajpaTypHOH) ¢QopMe mpencTraBiIcHus.
«KBagparypHblil curHayl — 3TO JBYMEPHBIM CHUTHAI,
3HaYCHHE KOTOPOTO B HEKOTOPHIH MOMEHT BpPEMEHH
MO’KET OBITh 331aHO OJJHUM KOMIUICKCHBIM YHCIIOM (C),
COJIEPKAIIIIM JIBE YAaCTH, KOTOPBIE HAa3bIBAIOT JICHICTBU-
TenbHOH (&) 1 MEUMOT (D) yacThio (cuH(ba3HON U KBaI-

paTtypHoU coctapisitomeit)» [1, c. 494].
c=a+jb=Ae? (1)

rae A - MoayIib (aOCONFOTHAS BETMYMHA) C. (0 —
apryMeHT YHCJIa ¢. ¢ — KOMIUIEKCHOE YHCTO; &, b, A, ¢
— IECTBUTENIBHBIC YUCTA.

cos(w,) xt) i(t) i(n)
OHY = AL F—=

-sinfwt t

sinfud QHY q(): Adn q_(nL
a)

Crioco0 mepexoja oT IeUCTBUTENBHOTO CUTHAJIA K
KOMITJICKCHOMY UMECT BU!

y(t) = x(t)e /ot
= x(t)cos(wot) — jx(t)sin(wyt).

B Boipaxkenun X(t) — BXOJHOM IeHCTBUTENbHBIN
curtai. Y(t) — BBIXOAHOW KBaApaTYPHBIA CHTHAI.
VMHOKEHHE TeHCTBUTEIHLHOIO CUrHAIa HAa KOMILIEKC-
HYIO SKCIIOHEHTY e~/ ©0¢ Ha3hIBAIOT KOMILIEKCHBIM T10-
HIDKAIOIKUM TpeoOpaszoBaHueM. Kak cieacTBue naH-
HOTO TpeoOpa3oBaHus, YaCTh CIIEKTPa MOJIE3HOTO CHT-
HaJla TEPEeMECTUThCS B 00JaCTh OTPHUIATEIHHBIX
4acTOT Ha BEJIMYUHY W .

PaccmarpuBas 3a1a4y B KOHTEKCTE IIH(PPOBBIX H3-
MEPHUTEIIFHBIX CHUCTEM, OJIOK-CXeMa KBaJIpaTypHOTO
npeoOpa3oBaHus AEUCTBUTEIHHOTO CHTHANA C TOCIIe-
Iylolel JUCKpeTU3aluen mpeacraBieHa Ha puc. la, u
aJbTEPHATUBHBIA METOJ — JAMCKPETH3alus J1eUCTBU-
TENHHOTO CUTHAJA C TIOCIIEIYIONINM IMPeoOpa3oBaHuEM
B KBaJpaTypHbIi BU] Ha puc. 16.

cos(w,n) xi(n) e i(n)
x(t)
—
q(n)
QOHY ==

0)

Puc. 1 Brok-cxemul k6a0pamypHoti OUCKpemu3ayuu 0elcmeumenbHo20 CueHala
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Cxema KBaIpaTypHOH AUCKPETH3ALMH, ITPEACTaB-
JIeHHas Ha pHC. la, IMeeT CIeayIoIne JOCTOMHCTBA: -
kaxerii ALl paboTaer Ha yacToTe, paBHOI MOJIOBUHE
YaCcTOTHI, HEOOXOIUMOH TP OOBIYHOM JUCKPETH3AINN
JICHCTBUTENIBHBIX CUTHAJIOB; - MPU 3aJaHHOM 4acToTe
JICKpPETH3aIMA MOXXHO 00pabaThIBaTh O0JIee IMHPOKO-
MOJIOCHBIE cuTHanbl. OJHUM U3 BapHaHTOB TEXHHYE-
CKOT'O PEIICHUS] JTAHHOW OJIOK-CXeMBbl — NMPUMEHEHHE
MuKpocxeM |1Q — neMoyIaTopoB, Ha BBIXOJIE KOTOPOH
KOMIUIEKCHBIH curHai B Bune |Q — naHHBIX.

HocrouHcTBO cxeMbl (puc. 16) B ToM, 4TO Tepe-
XOJ OT JCUCTBHUTEIHHOTO CHIHANA K KBaApaTypHOMY
BUJly OCYIIECTBIISETCS J0pabOTKOW NPOrpaMMHOTO
o0ecrieueHns BBIYUCIIUTENS, @ IMCHHO BBEJICHHE B KO
oOpabatpIBaromeii mporpaMMbl  IU(PPOBOTO KBaapa-
TypHOTO TeHepaTopa u mudposoro ®HY.

Jpyroi#l cmoco® mosydeHus] KOMIUIEKCHOTO CHT-
Hana - mpeoOpaszoBanme ['mianbepra, KoTOpoe m00aB-
JsIeT HEOOXOUMYI0 KOMILJIEKCHYIO COCTaBIISIONIYIO K
BXOJHOMY [[eﬁCTBPITeJ'IbHOMy CUrLajiy, T.C. KOMIIO-
Heuty b B (1). Pacemotpum Gosnee moapobHO mosryde-
HHE KOMIUIEKCHOTO (aHAJINTHYECKOr0) CUTHAJIA METO-
oM TpeoOpa3zoBanus [ 'mibbepra B ycTpoiicTBax ¢
OTpaHUYEHHBIM OBICTPOJICHCTBHEM.

Peanu3zanusa nmocraB/IeHHOH 3aa4u

I'eHepanns aHaIUTHYECKOTO CHIHANAa MOXKET
OBITH pea30BaHa Kak BO BpDEMEHHOM, TaK ¥ B 4acTOT-
HOU oOmactsx. Bo BpemeHHOW 00nacTé OHCKPETHOE

T

(dB) and Phase Resp

npeodpazoBanue [ mip6epTa MoXKeET OBITh peaT30BaHO
B Buge KUX-¢punprpa. JlelicTBUTENbHAS KOMIOHEHTA
AQHAINTHYECKOTO CHUTHajla (HOpMHpPYETCs W3 Belle-
CTBEHHOTO BXOJHOTO CHIHasa, 3ajepxadHas Ha N/2
TaKTOB, a KOMIIEKCHasI KOMIIOHEHTa (hOpMHpYeETCs U3
MPOIYILEHHOT0 BXOJHOro curHana uyepesd KUX-
npeobpaszoBarens (amuHONH N TakTOB). B wacToTHOMU
00JIaCTH K BEIIECTBEHHOMY BXOJJTHOMY CHI'HATY IIpHMe-
ustoT N-Toueunoe dypore npeodpazoBanue. Bee koM-
TIOHEHTHl CIEKTpa YBEIMYMBAIOT B JBa pasa. Jlamee
CIIEKTPAJIbHBIE COCTABIISIIOIINE OTPULIATENILHBIX YaCTOT
(xommoHeHTh 0T N/2+1 1o N-1) 0OHynsI0T, @ KOMITO-
HenTol cnektpa 0 u N/2 ymeHpiaror B 1Ba pasa. [Ipu-
MeHHB oOpaTHoe N-TogeuHoe @ypre npeodbpa3zoBaHne
MOTy4Yal0T aHATUTHICCKHUI CUTHAIL.

PaccMoTprM reHepannio KOMIDIEKCHOTO CHUTHalla
BO BpeMeHHO# obmactu. [IpeobpazoBanne ['minpbepra
MOJHO TmpencTaButh B Bune KUX-¢punbrpa ¢ ocoden-
HOM WMIIyJIbCHOM XapaKTEPUCTUKOW, CABUIAIOLLEH
(a3y curHaiga rmpyu HEM3MEHHOH aMIUIMTYJE CUTHAlA.
Hdns monydenus kodpduuuentoB nannoro KHX-
¢bupTpa Bocmonszyemes moayiem fdatool «Filter De-
sign Toolbox — ¢yHKuMU aHamM3a W CUHTE3a (PHIIb-
TPOB, B TOM YHUCIIE C Y4eTOM 3(PEKTOB KBAHTOBAHUS
apu(MeTHKH ¢ PUKCHPOBAHHON 3amATOM» [2, C. 717] B
Maremarnueckom makere Matlab (puc. 2).

rCurrent Filter Information —lag B
0F T T T T T T T 3 4.881
| i
| ' =
Structure: Direct-Form FIR o —‘IEI'+ 1 -75.251 g
Order: 200 :J’ _(5“
Stable  Ves S 20t 1-155.382 =
Seurce:  Designed = o
=
& @
B 301 1235514 £
= ’ o
40 ! | ! ! ! ! ! ! ! -315.645
Store Filter ... ] 01 02 03 04 05 06 0.7 0.8 0.9
Fitter Manager .. Normalized Frequency (xx rad/sample)
— Resp Type — Fitter Order — Frequency and Magnitude Specifications
O |Lowpass ¥ | || @ Specify order: 200 Frequency Units  Normalized (0to 1) 50000
O Highpass v z o [0.020.98]
Minimum arder req. vector 020
mgg|| O Bandpass
O Bandstop — Optiens Mag. vector [11]
@ Hilbert Transfi ~ Density Factor: |20
[1hert Transtormer Weight vector [1]
@ |- Design Method
AT IR S
Butterworth
E._E}oj ®FR Equiripple ~

Pucynox 2. Mooyaw fdatool mamemamuuecxozo naxema Matlab

B moayne fdatool neo6xoaumo 3aaath THI QUITE-
tpa «Hilbert Transformer», mopsimok dusTpa «Filter
Oder», YaCTOTHBIN MANa3oH U COOTBETCTBYIOLIUEC UM
AMIUTUTYABI BBIXOJHOTO CHrHasa. YacToThl MOXKHO 3a-
JIaTh KaK B aOCOJIIOTHOM BHJIE, TAK U B HOPMAJIM30BaH-
HoM Bujie. [Tocne Haxxatus kaonku «Design Filtery Boi-

MOJIHUTCSL PacyeT IapaMeTpoB npeodpasoBanus [ mib-
Oeprta u OyIyT MOCTPOCHBI AMIUTUTYTHO-4YaCTOTHBIC U
¢azo-gactoTHele Xapaktepuctuku (puc. 1). Ha pu-
CyHKE 3 TIpelCTaBIE€Ha MMITYJbCHAsI XapaKTCPUCTHKA
KUX-¢punprpa mnpeodpazoBanus ['minbbepra. Ilpum
HEOOXOANMOCTH MOKHO CKOPPEKTHPOBATh ITIapaMeTphl
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(HanpuMep HOpsIOK GUIBTPa, MO0 TUara3oH YacToT)
1 JOOUTBCS HAWIY4IIETO Pe3ysbTaTa.

0.4

Amplitude

0.4 7
0.6 ® 7
| | 1 1 1 | 1 | |
0 20 40 60 80 100 120 140 160 180 200
Samples

Pucynok 3. Umnynvcuaa xapakmepucmuxa KUX-gurvmpa npeodpazosanus I'ureobepma

B coBpemenHBIX 16-TH, 32-X pa3psaIHbIX MHKpO-
KOHTPOJUIEpax B cocTaBe Habopa OMOIUOTEK MPHUCYT-
cTByeT OuOmMoTeka udpoBoil 00pabOTKK CUTHAJIOB C
(ukcupoBaHHOU TOYKOH. B manHoi#t Onbnnoreke npu-
cyrcrByor pynkunn KUX, BUX ¢unetpos, OsicTpoe
®dypoe npeodpazoBanue u Ap. budbnmoreka padoraet ¢
tunamu naHHBIX Q15 mmbo Q31, mmama3oH KOTOPBIX
orpanuueH pajgom ot -1.0 go 0.999999999. Moaynb
fdatool nmo3Bomsier BeiBecTH 3HAUCHHS KOAPPUIIHEHTOB

B (opmare QukcupoBaHHoil Touku Q15 m Q31. s
9TOrO HYXHO BbIOpaTh B MeHI0 «Targets\Generate C
header...».

Paccmorpum mpumep. Ilpumenss npeobpazopa-
uue ['mibbepTa K BeleCTBEHHOMY CHUTHaly (puc. 4),
MBI MOJy4aeM KOMIUICKCHBIM CHTHall, IpUMep KOTO-
poro mpexacTaBieH Ha pucyHke 5. Ha pucyHke curnain
1 — BemecTBeHHas COCTaBIAIONIAs], 2 — MHIMAs COCTaB-
JISFOIIAst KOMIUIEKCHOTO CHTHAJIA.

800

600

400

200

Amnnnrtyaa (xoa)
o
1

-200 +

-400 4

-600 —

-800 T T T T

0 005

0.1

0.15

02

Bpema (cex)

T
025

03

Pucynox 4 Bewecmeennwitl 6XOOHOU CUSHAL

035

04

045



[ |

20 Wschodnioeuropejskie Czasopismo Naukowe (East European Scientific Journal) #4(44), 2019 =
800
G600
400 1
1
/
200 I
2
| @ i HH” 1 (s -
< -200 ‘ ‘
| .
-400
Il
-G00
-800 T T T T T T T T
0 0.05 0.1 0.15 02 0.25 03 0.35 04 0.45

Bpema (cex)

Pucynok 5. Komnnexcuuuii cuenan. 1- eewjecmeenuas, 2- MHUMAS COCMABAAIOUIASL.

Crnenyer OTMETHTb, KBaJApaTypHBIH CHIHAN He
JlacT HOBOW MH(OpMAaIK 00 aHAJIOTOBOM CHUTHAJIE 110
CPaBHEHUIO C JCHCTBUTENbHBIM cUrHaioMm. Ero cie-
JIyeT paccMaTpuBaTh Kak Ooliee yZOOHBII HOCHTENb
uH(opMaLuy, JUIs ONPeIeNICHHBIX BUIOB CUTHANA, IPU
JansHeHIe muppoBoi 00pabOTKe TaHHBIX.

PeanmzoBannapie B OBM 1 IU(POBBIX CHTHAH-
HBIX Tporeccopax Dypee-npeobdpazoBanue (BI1D) B
CBOEif OCHOBE pabOTaeT ¢ KOMIUIEKCHBIMHM JIaHHBIMU. B
cilydae BBINOJTHEHUsI MpeoOpa3oBaHus HaJl IEHCTBH-
TEJIBHBIMH YHMCIIAMH, MHUMAs COCTABIIIONIAst OOHYIIs-
ercst. Takum 006pazom Dypre-npeodpa3oBaHue KBaIpa-
TypHOTO curHana 3(ekTuBHEe M0 CPaBHEHHIO C Ipe-
00pa3zoBaHHeM JIEHCTBUTEIILHOTO CUTHAJIA.

Ecnu uccnenyeMblii BXOJTHON CUTHAJI MOAYJIUPO-
BaH, U TpeOyeTCs B PEAIbHOM PEXUME BPEMEHH OIpe-
JIETSITh MTHOBEHHYIO aMILUIUTY/Ly 1 MTHOBEHHYIO (azy
oru0aromero curaaia, To 6oinee 3QpPEeKTHBHEE UCTIONb-
30BaTh KBaApaTypHbIH curHail. Pacuer mpuBeneHHBIX
apaMeTpoOB OCYLIECTBIICTCS 110 CIEIYIOMNM (GopMy-
IaMm:

A =|c| =+Va?+ b? ¢ = arctg (S) (2)

PaccMoTpuM npumep u3 00J1aCTH JKEITE3HOI0POK-
HOTO 00OpYIOBaHMsI, T/ JUIS MEepeaadd KOJIOBBIX TO-
CBUIOK B IMTOJBW)KHBIE €IMHUIIBI, UCTIOIB3yETCs CUCTEMA
aBTOMAaTHYECKOM JJOKOMOTHBHOM curHaiau3aun AJIC-
EH. B Heil 0T HaNOJBHBIX YCTPOICTB Ha JIOKOMOTUB-
HBIC TepenacTcs NHPOPMAIUI O MOKA3aHMIX HAIOJb-
HBIX CBETO(OPOB, 0 CBOOOTHOCTH U TIETIOCTHOCTH PEITb-
COB B IIpeJeNiaX IIECTH OJOK-y4aCTKOB, HAXOMSIIUXCS
nepes ABMKYIIUMCS T0e3/10M, 0 16 rpaganusx Iomy-
CTUMOM CKOPOCTH MPOCIIEIOBAHUS OUEPETHOTO CBETO-
¢dopa, o mammHAX OJIOK-YJacCTKOB, a TAaKK€ CHIHAJIFI,
MpenIHa3HaYeHHbBIE IS UCKITIOYCHNUS B3aUMHBIX BIIHS-
HUM MeXIy TpakTaMy Nepefadyd pa3IndHbIX MyTel u

O50K-y4acTKoB. [yl KOAMpOBaHUS WHPOPMAIHMU HC-
MOJIB3YETCSl BOCHBMHUPA3PSIIHBIA MOAM(UIIMPOBAHHBIN
xox bayapa. Becero nepemaercs 256 coobmenuii. B me-
penaruuke cucremsl AJIC-EH ncnosnb3yercs 1Bykpat-
Hasi (pa30pa3HOCTHAS MOIYJISIHS C HECYIIICH YacTOTOU
174,38+0,1 I'.

PaccmarpuBas npouenypy JeKOAUPOBAHUS KOJO-
BbIX NOChUTOK AJIC-EH npuMeHHUTENbHO K 3alIMCaHHOM
BBIOOPKE BEIIECTBEHHOTO PEIECOBOTO CHT'HAJA, OTIpe-
JIETIM CIIETYIOIIYIO ITOCIIEA0BATEIbHOCTD ICHCTBHUM:

1. Ot BemecTBEHHOTO TPEJCTABICHHs CHIHANA
nepeieM K KOMIUIEKCHOMY. [l 3TOro NpHUMEHUM
JTUCKpeTHOe mpeoOpasoBanne [ unnbepra. JlanHyro
OIlepalMi0 MOXKHO BBINOJHATH Ha JTare mnpenodpa-
OOTKH CHUTHAIa B MUKPOKOHTpPOJLIEPE.

2. CuBUHEM UHTEPECYIOIIYIO HAC YaCTOTY Ha HY-
neByto. [l 3TOro aHAIMTHYECKUI CUTHAJI YMHOXHAM
Ha KOMIUICKCHYIO 3KCIIOHEHTY 3aJaHHON 4acTOThI BH/Ia
exp(—j2m - f,n/f,), rne f; — yacToTa TUCKpETH3AIMA
u f. = 174,58. 3nak MuHyC B popMyIie KOMIUIEKCHON
SKCIOHEHTHI ONpeNeseT HallpaBleHHe CABUra 4acToT,
B HaIlleM CIIyJae BIEBO.

3. TlpomycTuM NOJyYeHHBIA CHUTHAN dYepes
(GUIBTP HU3KKX YaCTOT C 4acTOTOH cpe3a 8 1.

4. PaccunTaeM MTHOBEHHBIE aMIUIUTYAy U ¢a3y
orubaroniero currana no gopmymnam (2).

I'pauky MTHOBEHHOH aMIUTUTYAbI © MTHOBEHHOH
¢da3pl ormbarmIero CHrHaja Hecymed 4YacTOThI
174,58 T'u npencrasieHbl Ha pUCYHKE 6 U PUCYHKE 7,
COOTBETCTBEHHO. [10 MTHOBEHHBIM 3HAUCHUAM aMILIU-
TyZl OTHOAIONIETr0 CHI'Haja MOXXHO BBIYHCIISATH MIHO-
BEHHBIC U JEHCTBYIOIIEE 3HAUYEHUS] TOKA IMepenaBae-
moro curHana AJIC-EH. Ilo MrHOBEHHBIM 3HAYCHUSAM
(ha3pl OrubaroIero CUrHana MOKHO JIEKOAUPOBATH UH-
(dopmarmonHbIe NaHHEIe. Ha pricyHke 7 mpeacTaBieHa
TabnMIa Pe3yIbTaTOB MPOLETYPhI IEKOANPOBAHUS UH-
(hOpMaIOHHBIX JAHHBIX, PACCMOTPHUM €€.
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AMIIIHTYOa (KOMI)
s

Bpems, cex

Pucynox 6. Amnaumyoa ocubaroujeli aHaTumMu4ecKo2o cueHand

| | |

| | |
AT T T :'_I_" - . . — — 7 — T

o o1 02, 0.3: 04 n.&l os n:? n‘l.s LI :1.1 12 :1.:3 : 1.4: 1.5: 14 1.ﬂ| 1 ds 2
I | I | | I Bpemas, cex I I I I I
Mam@aze: | T |+ | - | T [T | - |+ r{+|-|1r |1 |-+ T |+ -
CT 111 110|101 )1{0oj1 (101 (0]1|1]0
KK 1 1(1)J1(170)jo0f1|oj1|1(1)10fl0O|1]0]1
M xon Bayapa CI=11; KK =7 CI=11; KK =7

Pucynox 7. @aza ocubaioweit anarumuyeckozo cueHaid

Oco0eHHOCTRI0 MOTU(PHUIMPOBAHHOTO Koja bay-  IWT K JOXKHOMY TOSBJICHUIO pa3pemeHHbIX KOMOUHA-
apa ABJISETCS TO, YTO OH HE MMEeT KOMOMHAIMK ¢ 01- M. B cBs3M ¢ 3TUM, OTHpaBHOM TOYKOH /I aHAIM3a
HUMH HYJSIMU WM eIMHALAMU. JlaHHbIA Ko aBisieTcst  (a30BOr0 CHIHala BBHIOMpAEM COCTOSHHE, NMPU KOTO-
CaMOCHHXPOHU3UPYIOLIUMCS KOJIOM, ITPY KOTOPOM JIFO- ~ POM IIPOMCXOAUT IIEPEeXOoa HM3MEHEHUs (as3bl depes
0011 UKJIMYECKUH CIOBUI €ro KOMOMHAIIMK HE NPUBO-  HOJIb (B mpuMepe 310 Bpems 0,24 cek), nanee GpuKcu-

pyem m3menenue dasel yepes 0,091 cek. B tabmuie
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(puc. 7) cuMBONIaMU TIPECTAaBICHO N3MEHEHHE (asbl:
«» - (haza He MeHsIAch; «+» - yBenn4yeHue ¢a3sl Ha

7l 2;«»- yMeHblleHue ¢a3bl Ha T [2; «» - us-
MeHeHne ¢asbl Ha 77 . BenndnHa nusmMeneHns ¢assl oa-
HO3HAYHO OMpenesieT OUTOBOE COCTOSIHUE ABYX IMOJI-
kaHasoB: cuaxporpynnsl (CI') 1 ko0Bol KOMOMHAIIMT
(KK). HempepsIBHBIN aHaIU3 MOCIEI0BATEILHOCTH
BOCBMH OUT, 10 KXIOMY IOJKaHAIy, Ha KOPPEKT-
HOCTb NPaBHII MOAN(HUIHPOBAHHOTO Koja bayspa maet
pesynbrat: CI=11; KK=7.
3akJoueHue

3ajgavya MO BBEIYHCICHHIO OCHOBHBIX ITapaMETpPOB
MOJYJIUPOBAHHBIX CHTHAJIOB MOXET OBITh pEIIeHa
CTaH/apTHBIMH METOJIaMH 00pabOTKU BEIECTBEHHBIX
CHTHaJIOB, 0e3 NpeoOpa3oBaHUs MX B KOMIUIEKCHBIH
BUJ. B HEKOTOpHIX ciiydasx nenecoobpa3sHo paboTaTh
C BEIIECTBEHHBIMH CHUTHAJIaMH, B YCIOBHS OTpaHUYE-
HUSI BBIYUCITUTEIBHBIX PECYypPCOB, TaK KaK MaTeMaTH4e-
CKHE OIepalyH ¢ KOMIUIEKCHBIMH MEPEMEHHBIMH 00-
nee TpyaoeMkre. Ho Tak kKak CyIecTBYOLIHE METObI
mudpoBoit 00padboTku Oonee 3hHeKTHBHBI TpU 00pa-
00TKEe KOMIUIEKCHBIX CHUTHAJIOB (HAapHMep, MHHUMbBIC
KOMIIOHEHTHI He 00HyIsttoTes nipu BIID) u coBpemen-

HBI€ BEIYUCIUTEIN TOCTOSHHO HAPALMBAIOT BEIYMCIIH-
TENBHBIA MTOTEHIHAJ, TO 00paboTKa CHTHAIOB B KOM-
IUIEKCHOM BH/I€ HIMEET TIEPCICKTHBY.

OnpenenstomuM  (GaKTOpOM B PacCMOTPEHHOM
BBIIIIE POLIEAYPE ABIACTCS MPUMEHEHNE TUCKPETHOTO
npeobpa3oBanue [minpOepra K BXOAHBIM BEIICCTBECH-
HBIM JJTaHHBIM H, COOTBETCTBEHHO, IEPEXO K aHAINTH-
YeCKOMY NpE/CTaBICHUIO cUrHajia. [lanHas onepanus
HE SBISETCS PECYpCOEMKOM, TPUMEHSSI MHKpO-
KOHTpOJUIEpHBIE (DYHKIMHU ¢ GUKCUPOBAHHOW TOUKOH U
C pacCUMTaHHBIMH KOI(pQUIUECHTAMU B MareMaruye-
CKHX MakeTax, aHajorndueix Matlab. U kak ciencteue,
paccMOTpeHHasl mpoleaypa JIeKOAUPOBAHUS PEIbCo-
BEIX CHTHAJIOB C (ha30pa3HOCTHOH MOAYIIIUCH HE
MIPEACTABISIETCSl CIIOXKHOM, Oyaromapsi mepexony K
KOMIUIEKCHOMY (aHAIUTHYECKOMY) BHIY W3MEPHUTEIb-
HOTO CHUTHala.

CHucoK JUTEepaTyphl:
1. Understanding digital signal processing / Rich-
ard G. Lyons. - 3rd ed. 2011. ISBN 0-13-702741-9
2. Cepruenko A. B. Iludposas 06padoTka curHa-
joB: yueb. mocobme. - 3-¢ um3a. - CII6.: BXB-
[erepOypr, 2011. — 768 c.: ui.
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COMPLEX MATHEMATICAL SIMULATION OF PHYSICAL PROCESSES IN POWERFUL
GENERATOR

Abstract. Algorithm of stage solve a quasi-three-dimensional model for determination of electromagnetic
field and distribution temperature in the stator core end zone of powerful generator using a numerical method is
given. A model is the intermediate version between two-dimensional and three-dimensional solutions and is based
on the numeral calculations in transversal and longitudinal sections of electrical machine, interconnected by a
complex of boundary conditions. The mathematical model differs from are known more complete account of the
physical and technical factors and the high accuracy of the calculation results with a relatively simple the software
implementation. In particular, developed a method for electromagnetic field, allows description the currents of
stator winding frontal part with consider the geometric shape of frontal connections and, most importantly, the

load condition of turbogenerator.

Keywords: mathematical model, end zone, stator core, winding frontal part, electromagnetic field, tempera-

ture.

At present developed a lot of different convenient
simulation software for computer calculations and de-
sign of electromechanical energy converters, in partic-
ular powerful turbogenerators. The most well-known
complexes are FEMLAB, ANSYS, MAXWEL and
COMSOL Multiphysics.

The COMSOL Multiphysics software [12] de-
serves special attention, because used today in many
universities of the world, as well as the professional re-
searchers of various fields.

The most significant advantage of Comsol Mul-
tiphysics software is the ability to solve multiphysical
problems allows creating the complex (interrelated)

mathematical models. Also an important advantage is
the simplicity of interface in a coefficient form, that en-
ables the researcher to simulate of physical processes
without focusing directly on the solving of differential
equations, while paying serious consideration to varia-
tion calculations (experiments) for solving of set tasks.

As an example, in this paper a complex simulation
the electromagnetic and temperature fields in end zone
of a powerful turbogenerator using the Comsol Mul-
tiphysics 3.5a software is performed. As known, the
construction of mathematical models for analysis the
physical processes in this zone of turbogenerator is very
problematic [4 — 7, 9, 13, 14], because the difficult of
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this problem makes researcher to apply a series of sim-
plifications in the formulation of a task, that suitable in
some cases and unsuitable for others, resulting obtained
solutions often too approximate describe the nature of
electromagnetic field.

A three-dimensional model have not found wide
application because of complexity the end zones design
of powerful generators requires very much computing
trouble and even with modern computer technology
needs a series of simplifications, also because the for-
mation of meaningful and sufficiently detailed conclu-
sions concerning parameters and characteristics of the
object requires a large number of variation calculations
[4]. Therefore used an approach for the analysis of heat
processes in the stator core end zone of turbogenerator
with help a consecutive logic transition from the solu-
tion of a simple calculation model the electromagnetic
field in active part machine to more difficult calcula-
tions models in end zone using the previous results in
the following, that allows to obtain a solution for deter-
mination of temperature distribution in difficult areas.
The use of specialized software for development of
mathematical model allowed creating a one that is suf-
ficiently flexible in terms of modification the individual
components and allows the researcher to concentrate
on achieving of set goal, rather than solve of utilitarian
tasks.

As a research object, a serial turbogenerator the
TGV-500 type of 500 MW capacity (by Kharkov State
Enterprise plant "Electrowazhmash™) is considered.
That due to the presence of experimental data [7 — 9],
that allows to correct the reliability of electromagnetic
and thermal calculations and to simplify heat calcula-
tion due to known heat transfer coefficients.

A staged construction algorithm of a mathematical
model is as following.

On the first stage, a two-dimensional electromag-
netic field model in transversal section of central (ac-
tive) zone of a turbogenerator is considered (Fig. 1). In
general case the equation of a two-dimensional electro-
magnetic field for the axial component of the magnetic
vector potentials A, will be:

jooA+V x (VX A)=Jfe,, A= Ag, (1)

where o is the angular frequency; o is the electric
conductivity; V is the Hamilton operator; py is the per-
meability of vacuum; y is the relative permeability; A
is the magnetic vector potential; J; is the external cur-
rent density; e, is the unit vector.

Since the stator core is composed of sheets the
high-alloy cold-rolled electrical steel with a thickness
0.5 mm, eddy current from the radial field can be ne-
glected. The calculation of additional losses in the sta-
tor end packets of turbogenerator with acceptable accu-
racy can be made only for the axial component of the
magnetic flux density. So, the electromagnetic field of
central part of a turbogenerator in the Cartesian coordi-
nate system satisfies the Poisson equation and, in this
case, the well-known model [1] is considered:

O°A, O°A,
—+
6)(2 ayZ

Equation (2) is supplemented by next boundary
condition on the outside of solving region:

Al =0 3)

= _MJ z (2)

and continuity condition for the magnetic flux on
the inside of solving region.

In the stator winding taken a symmetric system of
phase currents [4, 5]:

iy =1,cos(wt+p)
iy =1, cos(wt +B-120°), @)
ic =1, cos(ot +B+120°)

where I, is the magnitude of stator current; f is the
angular displacement of axis along which operates the
motive-magnetic force of three-phase stator winding in
relation to the longitudinal axis of rotor d.

The angle B is determined by the formula:

B=90°+0+¢, (5)

where 0 is the load angle of machine; ¢ - phase
displacement between voltage and stator current.
The load angle 6 can be found from the equation

[7]:

I, cos¢

tgob = (6)
(

U, /%) 1 sing’

where |5, Us are the phases stator current and volt-
age, respectively; xq is the main inductive resistance;
the «plus» sign corresponds to overexcitation mode of
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turbogenerator, and the «minus» is underexcitation
mode.

The magnitude of currents in the stator and rotor
windings and the angle B are given in accordance with
the load conditions of turbogenerator.

The model takes into account the rotor movement
relative to the stator. The rotation is simulated using a
Moving Mesh (ALE). The displacement of the finite-
element mesh is given by the transformation equation:

()

dx =cos(2znnt) - X —sin(2znt)-Y — X
dy =sin(2rnt) - X +cos(2rnt)-Y =Y

where dx, dy are the displacement along x and y
coordinates, respectively; X, Y are the coordinates of in-
itial points, n is the speed of rotation.

The expression in brackets is the certain angle (in
radians), and time t is the parameter by which the rotor
does movement on angle (2znt) relative to the initial
position. A static calculation is performed, and one
fixed position of rotor and fixed magnitude of currents
in the windings (at t =0) are considered, the results of
which then used as initial conditions for the dynamic
effect (more precisely, the parametric calculation). In
this case, the Poisson equation does not depend on time,
its solution is determined by the instantaneous values
of currents in the windings and the geometry of solving
region, which varies because of displacement of rotor
coordinates.

After calculated the electromagnetic problem in-
dividually solves the problem of eddy currents distribu-
tion from the main radial field for each massive element
of a turbogenerator (press plate, press fingers, copper
shield), and it’s the average magnitude is used for cal-
culation the thermal problem.

AY
b c d

a 4

v><

Fig. 2

In the second stage, taking into account the field
distribution in central part, the electromagnetic field in
longitudinal section is simulated (Fig. 2). Taking into
account the symmetry of the machine along axial and
radial directions, the calculation area of end zone is
considered as the rotor section along its axis and the
section of the stator core tooth in the tangential direc-
tion (circumferentially) [13, 14]. This section coincides
with the rectangular coordinate plane XY and is the
symmetry plane of rotor (in Fig. 1 it passes along the
radius OOy).

The equation of a two-dimensional magnetic field
for the component A, (is tangential component in the
solving region) has the form (1). The required structure
lines of force for electromagnetic field is formed by
means of boundary conditions complex on lines abcdef
for the magnetic vector potentials and magnetic field
[2, 3] (Fig. 2).

On line bc installed the magnitude of magnetic
field in the point O; (Fig. 1):

H |bc =H |o1’ (®)

and on the line af — condition of symmetry the
magnetic field concerning rotor axis:

nxH| =0. 9)

Along the line ab installed the distribution of mag-
netic field, a similar to the distribution along the same
line in transversal section (lines OOy, Fig. 1):

H |ab =H (r)|001' (10)

It is assumed that for remote lines cd, de Ta ef the
magnetic field fails, so on the lines installed:

AZ |cdef =0. (11)

At the same time installed the distribution of mag-
netic permeability along the radius OO; — p|oo1, Which
varies due to different saturation of stator magnetic core
with the radial field.

Thus, the interconnection of electromagnetic
fields in central and end zones of turbogenerator is in-
stalled. The effect of load condition is taken into ac-
count by the magnitude of currents in the stator and ro-
tor windings, angle 3 and boundary conditions.
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Fig. 3

An important stage in the calculation of the elec-
tromagnetic field in the end part is the description of
currents in the winding frontal part. The proposed
model of end zone turbogenerator allows description
the currents of stator winding frontal part with consider
the geometric shape of frontal connections and, most
importantly, the load condition [2, 3]. The direction of
phase instantaneous currents ia, is, ic of stator winding
frontal part and the part of its scheme (together with
section OO03) is shown in Fig. 3.

The currents in the winding frontal part (Fig. 3)

less than taken in the system (4) at «/E time, since the
front parts are bent an average on 45°. Since the longi-
tudinal section of turbogenerator passes along the lon-
gitudinal axis of rotor d (Fig. 1), the magnitude of cur-
rent density of rotor winding frontal part corresponds to
the given excitation current.

The electromagnetic calculation is performed for
the whole of solving region.

Individually solves the problem of eddy currents
distribution from the axial magnetic fluxes of windings
frontal parts. Since the rotor moves synchronously with
the field, a non-zero electric conductivity is given in the
stator core packets, press finger, copper shield and
press plate.

Taking the obtained results of electromagnetic cal-
culations as a source of heat losses, the problem of dis-
tribution temperature is solved.

The equation of a two-dimensional stationary
temperature field is given by equations:

V(-kvT)=Q, (12)

where k is the thermal conductivity; T is the tem-
perature; Q is the heat source.

The heat calculation is performed for only in end
zone stator core.

The turbogenerator under consideration has a ra-
dial ventilation system. Cold hydrogen is fed into the
radial channels between the stator packets and between
the press fingers and plate from side of the gap with the
further movement towards the stator yoke.

Boundary conditions are installed. Heat transfer to
the environment is carried into effect by means of con-
vective heat exchange between a heated surface and a
stream of cooling hydrogen. The general equation has
the form:

—-N-g=0,+h(T,; —T) (13)
where h is the heat transfer coefficient, Tiqr is the
external temperature.

Installed the next boundary condition for the water
circulating in the cooling channels of the press plate and
stator winding frontal part:

T=T,. (14)

Installed the boundary condition of symmetry on

line passes in the middle of the last ninth packet of solv-
ing region:

fi-(kVT)=0 .(15)

The finite element mesh is the same for both the
electromagnetic and thermal problems.

In order to verify the reliability of developed algo-
rithm was performed a control calculation and compar-
ison of the obtained values of the temperature for end
zone of turbogenerator type TGV-500 under rated load
conditions in accordance with experimental data for
temperature field of stator core end packet and heat
transfer coefficients [7 — 9].

The heat transfer coefficients [in W/(m?K)] for
turbogenerator type TGV-500 have the following val-
ues [7 — 9], Fig. 4:
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— for end packet:

hy= 474, ho= 332; hs=hs=h;= 354; hs=hg= 248; hg= 225; he= 221; hio= 209; ho1 = 1330; hs; = 205;
— for press finger:

h11 = h12 = 280; h13 = h14: 243; hzz = 1280; h32 = 243;

— for copper shield:

his = his = h23 = 280; hsz = 243;

— for press plate:

h17 = 280; h18= 200; h24= 384;

— averaged value for other packets:

hin = 241; hyy = 1000; ha, = 200.

With help a mathematical simulation in accordance with the given algorithm (1) — (15) for turbogenerator
type TGV-500 under rated load conditions the following results were obtained.
The instantaneous distribution of magnetic flux density and vector magnetic potential in central zone of a

turbogenerator (for t = 0,02 sec corresponding to one full revolution of rotor, the step size of time is 1 sec, that
is, at one step the rotor turns to 1,8°) is shown in Fig. 5. The distribution of magnetic permeability is shown in Fig.
6. As can be seen in this figure, the maximum value is 8542 and appears in the stator yoke.

3,0
2.5
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As can be seen in Fig. 7, the maximum magnetic flux density of stator core under rated load is 3.4 T and
appears in the tooth crown, the magnetic field distribution is symmetrical along the pole central line and the max-
imum values appear in the pole central line [14]. The distribution of magnetic flux density in the press fingers is
shown in Fig. 8. The values magnetic flux densities of non-magnetic steel fingers are lower and the maximum
value is0.53 T.

Fig. 7
The press plate and copper shield materials are nonmagnetic too, and the press plate is before to the copper
shield. So, their magnetic field distributions are coincident [14]. The maximum magnetic flux densities are 0.36 T
and 0.33 T, respectively (Figs. 9 and 10).
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Fig. 10

Figs. 11, 12 and 13 shows the distribution of the eddy current density from the main radial field in the press
fingers, the plate and the copper shield. For the good conductivity of the copper, the eddy current value of the
copper shield is much larger than that of the non-magnetic press fingers and plate [14].
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Fig. 12
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Fig. 13

The distribution of magnetic field in turbogenerator end zone under rated load is shown in Fig. 14. The dis-
tribution of temperature in stator core end zone is shown in Fig. 15.

Fig.

The maximum temperature in the tooth root of sta-
tor end packet is 97 °C, the press plate is 91 °C, the cop-
per shield is 86 °C and the press finger is 85 ° C. The
maximum temperature in the tooth zone of end packet
is explained by the combined effect of the main radial
field, the axial scattering flux of windings frontal part
of stator and rotor, as well as by the “buckling” of a
portion of the main field from the air gap. In addition,
the shield effect of press plate is the cause of field local
concentration in the end packet tooth zone.

The temperature distribution in press plate de-
pends on the channels with cooling water. However,
they are effective only in beside the plate, and for heat-
ing the copper shield are not affected. With the distance
from the end packets tooth zone with the maximum

15

temperature towards the stator yoke the temperature
sharply decreases due to the shield effect of press plate
and the copper hoop. The temperature also decreases
when approaching the gap. The axial component of
magnetic flux density in the crown tooth zone is 0.70 —
0.75 T (the end of the first packet), however, this zone
is intensively cooled with gas circulating in the gap.

In order to verify the reliability of obtained results
was performed a comparison of the temperature values
for end zone of turbogenerator type TGV-500 under
rated load conditions in accordance with experimental
data [7 - 9].

Experimental data correspond to the stationary
heat of stator core end packet from the turbine side at
section of 1/8 width of packet from stator core end
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along the axis of a turbogenerator. The differences of
calculated and experimental values did not exceed 7%

(Table 1), indicating a high reliability of the applied ap-
proaches and assumptions.

Table 1
Temperature, °C
Source of information Tooth Yoke
Crown | Middle | Root Middle
ominal load condition (P =495 MW, COS(p = 0,848)
Calculation 50,9 51,25 72,37 56,63
Experiment -- 54,90 76,20 53,70
Error, % - 6,65 5,03 5,46

Conclusions 4. Milykh V.1., Vysochyn A.l. Calculation the

1. The advantages of constructing models in the
Comsol Multiphysics software are shown. The most
significant advantages are the ability to solve mul-
tiphysical problems, the interface simplicity, the easi-
ness simulation and powerful visualization.

2. A quasi-three-dimensional ~ mathematical
model of coupling calculation the electromagnetic field
and heat of powerful turbogenerator end zone is devel-
oped. The mathematical model differs from are known
more complete account of the physical and technical
factors and the high accuracy of the calculation results
with a relatively simple the software implementation.
In particular, developed a method for calculating the
end zone turbogenerator electromagnetic field, allows
description the currents of stator winding frontal part
with consider the geometric shape of frontal connec-
tions and, most importantly, the load condition of tur-
bogenerator. It is important to emphasize, that all
known today a quasi-three-dimensional models the end
zone of powerful electrical machine have a homogene-
ous character of stator winding frontal part.

3. The results of simulation characterizing the
distributions of currents, magnetic flows and tempera-
ture in the depth of end zone elements and stator core
packets, and interesting to specialists and engineering
staff associated with the development of electrical
equipment.

4. The presented mathematical model allows at
the design stage to evaluate the efficiency of design so-
lutions for the construction of stator end zone of a tur-
bogenerator for different load conditions, including the
conditions of reactive power consumption.
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@I'A0Y BO «Cegepo-Kasrazckuii pedepanvHulii yHuepcumem

MPUMEHEHME PET'YJIMPYEMBIX 3JIEKTPOIIPUBOOB B HE®GTEI'A30BOM OTPACJIA

Abstract: In this paper we consider the possibility of replacing AD and SD in controlled drives on synchro-
nous motors with permanent magnets (SDPM) with frequency converters, when it is important technical and eco-
nomic performance for the oil and gas industry.

AHHoTanus: B HacTosmen pabore paccMOTpeHBI BOPOCH Bo3MokHOCTH 3aMeHbl AJl u CJ1 B perynupye-
MbIX IPUBOJAX HAa CUHXPOHHBIC ABUTATCIIN C TOCTOSIHHBIMU MaronutTaMu (CJ_—[HM) C 4aCTOTHBIMH npeo6pa3OBaTe—
JIsIMH, KOT'/Ia UMECT BaXXHOC 3HAYCHUC TCXHUKO-OKOHOMHYCCKHE ITOKa3aTCIIn pa60TBI JIsL l'IpeIll'IpI/IS{TI/Iﬁ HC(bTCFa—
30BOM OTpaciu.

Keyword: Asynchronous, synchronous motor, synchronous motor with permanent magnets, frequency Con-
verter, efficiency., reliability.

Knroueswie cnosa: aCuprOHHblﬁ, CuprOHHblﬁ 06u2ame/zb, CuprOHHbluv osuzameinb ¢ NOCMOSHHBIMU MACHU-
mamu, npeoopazoeameb Hacmomol, K.n.0., HA0EHCHOCHb.

HedTs 1 ra3 ocraioTcsi OCHOBHBIMH YHEPTOHOCH-
TCIIAMU COBPEMEHHBIX MHUPOBBIX HHBHHHSaHI/Iﬁ B OJH-
xalmue aecaTuieTus. TeXHONIorn4eckoe nepeBoopy-
JKCHHE HEe(TSHOW W ra30BOi MPOMBINIICHHOCTH MPHU-
3BaHO TIOBBICUTh 3(P(PEKTUBHOCTH HCHOIB30BAHUSI
JJIEKTPUYECKOIM HEPTUH U CYIIECTBYIOLIETO 000PYI0-

BaHUS. DJIEKTPOIIPUBOIBI HCIIONB3YIOTCS B cOCTaBe 0y-
POBBIX YCTaHOBOK, MEXaHHU3MOB JIJISi HETIOCPECTBEH-
HOHM 100buM HedTH, 00BEKTaX cOOpa M BHYTPHU MPO-
MBICTIOBOM TMepeKkayku He(TH, 00BEKTaxX MOATOTOBKU
HE(PTH, Ta30KOMIPECCOPHBIX CTAHLUSAX, KOMIIPUMHUPY-
FOLIMX MOMYTHBINA HEPTAHOW Ta3, 00BEKTaX MOIICpIKa-
HUS IUIACTOBOIO JIABJICHUS, BOAOPACIPEACTUTENbHBIX
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Osokax, BoJ03abopax, YCTAaHOBKaX 0 OYUCTKE CTOY-
HBIX BOJ], 00BEKTaxX BCIIOMOTaTEIbHOTO HA3HAYCHSL.

B wmpeane - ympaBiseMOCTb BCEX TEXHOJOTHYE-
CKUX OTIepanuii, CBA3aHHBIX C JAOObIUEH, TpaHCTIOPTH-
POBKOii U IepepaboTKoit HeTH, TOIHKHA OBITH CBA3aHA
C MCTIOJIB30BAHUEM PETYIHPYEMOTO IEKTPOIPHUBOAA.

B Hacrosmee BpeMs: IPUMEHSIOT aCHHXPOHHBIE 1
CHHXPOHHBIE NPHBOJIBI C YIPaBIsIEeMbIMU IpeoOpa3o-
BateisiMu yacToThl ([TY). Heynmaunble NOMBITKH HC-
MOJIb30BaTh TY WIN HHYK CHCTEMY 3JIEKTPOIpPHUBOJA
OOBSCHSIIOTCSI TEM, YTO MX BBIOOp nenaiicst Oe3 ydera
ISITH OCHOBHBIX KPHUTEPHUEB, NPENBSBISEMBIX K CH-
creme [1,2,3].

1. ITyckoBOif MOMEHT IOJDKEH OBITH OOJNBIIE HO-
MUHaJlbHOTO B 1.5 — 2.5 pas.

2. OTcyTcTBOBaTh KOJIEOATEIFHOCTD 3JICKTPOMAT-
HUTHOTO MOMEHTA IpH ITycke [3], KoTopast 4acTo sBJIs-
eTcsl IPUYMHON, B YAaCTHOCTH, THIPABINYECKUX YHa-
pOB.

3. KpaTHOCTb MyCKOBOTO TOKA JIOJIKHA OTPaHUYH-
BaThCsl BEJIMUMHON J10 3- 4 KpaTHOTO 3HA4YEHHUS IO OT-
HOIICHHIO K HOMUHAJIBHOMY.

3. DOuepreruueckuit KIIJ] npuBoga Bo Bpems pe-
T'YIUpOBaHUs (B Hjealie) HE JOJDKEH CHIbHO OTJIHU-
YaThCsI 0 OTHOIIECHUIO K HOMUHAJIBHOMY 3HaUCHHIO.

4. J11s1 nosryyeHus 3alaHHBIX MTOKa3aTelel TEXHO-
JIOTUYECKOTO MIPOIIECcca, MPECTaBICHHBIX BBIIIE MEXa-
HHU3MOB, 3JIEKTPOINIPHBOJL AOJDKEH OBITh IUIAaBHO-pETY-
JUPYEMBIM € Auana3oHoMm 1o 1:20.

5. HagexxHo paboTaTh B CIOXKHBIX T'€OJIOTO-KIIH-
MaTHYECKUX YCIOBHUSX.

6. Cuctema 3JIE€KTPONPHUBOJIA OJKHA UMETh OT-
HOCUTENIFHO HU3KYI0 CTOMMOCTb, & IOBBIIIEHHE CTOU-
MOCTH JOJDKHO KOMIIEHCHUPOBATHCS CHIDKEHHEM JKC-
IUTyaTallHOHHBIX PACXOJIOB M MOBBIIIEHHEM HAIEKHO-
CTH.

ACHHXpOHHBIE JBUTATENIN B HACTOSIIIEE BPEMSI SIB-
JSIFOTCSL IOCTaTOYHO MAcCOBBIM 3JIEKTPOJBUraTEIeM
MEPEMEHHOT0 TOKa. 3aMKHyThle cucteMbl «IT4-AJl»
JOCTATOYHO IIMPOKO PacIpOCTPAHEHBI CO CKAISPHBIM
¥ BEKTOPHBIM YNPaBJICHUSAMH. YUHUTHIBas HE3HAUH-
TeNbHBIA JUANa3oH PEeryIHpPOBaHUS CKOPOCTH B BBIIIE
MepeYrCICHHBIX 3JIEKTPOIPUBOAaX HedrerazoBoii or-
pacnu (o ABaAIaTH KPAaTHOTO 3HAYCHHMS) CKaIsIpHOE
yrnpasienne U/f =const mocraTouHo mHpOKo pacmpo-
ctpaHeHo. Ho oHO mmeeT HemocTaTok: KoJjieOaTelb-
HOCTH 3JIEKTPOMAarHUTHOTO MOMEHTa Tpu mycke [3].
IIpyMeHeHHEe BEKTOPHOTO YIpPABIEHUS CBSA3aHO C
HEOOXOMMOCTBIO0 TOBBIIIEHUEM KBaIU(pHUKAUK 00-
CIJTy’KMBAIOIIET0 MepCoHaa U CI0XXHOCTBIO OOCITYXKH-
BaHus. Kpome Toro, AJl ¢ K3 poropom nmeer Henocta-
TOK- HEOOJIBIION BO3AYIIHBIM 3a30p MEXIY CTaTOPOM
U pOTOPOM. DTO BAMAET Ha HAIEKHOCTb CUCTEMBL.

CHHXpOHHBIE MPHUBOABI C YAaCTOTHBIM YIpaBie-
HHEM TIPUMEHSAIOTCS B YCTAHOBKAX MOITHOCTHIO
6omnpme P,>300xBT 1 ux QyHKINH, BO MHOTOM, CBSI-
3aHBI ¢ 00ECTIIEYeHNEM 3aJaHHBIX 3HAYCHUH HPOM3BO-
JTUTETHHOCTH U JIaBJICHUS B TPYOOIPOBOIAX.

B nacrosmiee BpemMs UMeeT MECTO TEHEHIUS 3a-
MEHBl aCHHXPOHHBIX M CHHXPOHHBIX JIBUraTeiedl Ha
JIBUTaTeNId C IOCTOSIHHBIMH Marautamu [4,5], rae

UMEET BXKHOE 3HAUCHHE DHEProd(eKTUBHOCTH pa-
0O0TBI, HAIEXKHOCTD, a TaKXKe, T1e TpedyeMoe OTHOIIIe-
HHE MOIIHOCTH K KpPYyTAIIEMY MOMEHTY Ha E€IUHUILY
Macchl He TI03BOJISIET CIOIb30BaTh ACHHXPOHHBIE JIBH-
rarenu [4]. Ha mpakTuke coBpeMeHHBIH ABHTATelh C
MIOCTOSTHHBIMH MAarHUTaMH JOCTHTaeT Kiacchl dddek-
tuBHOCTH 0T IE3 mo IE4. Tlo cpaBHEHUIO ¢ aCHHXPOH-
HBIM JIBUTaTelIeM aHAJIOTHYHOTO Kiacca 3(h(EeKTHBHO-
ctu, Hanpumep, IE3, pasmep aBurarens ¢ HOCTOSH-
HBIMU MarHUTaMU B J[Ba pa3a MEHbIIIE CTAHIAPTHOTO.

3a HEKOTOPBIM HCKIIIOYEHUEM CHHXPOHHBIE JJIEK-
TPOJBHUraTeld HE MOTYT MNPaBHIBHO (DYHKIHOHHUPO-
BaTh NPU MUTAHUU OT TPATULMOHHOHN CETH CHHYCOHU-
JaTbHOTO HAIPSDKEHHS, TOITOMY PEATBHO CYIIECTBYET
cucrema «ITY-CITIM».

B GonpmmHCTBE Clly4aeB aCHHXPOHHBIE 3JIEKTPO-
pUBOAB (PYHKIMOHUPYIOT Takxke B cucreme «[14-
AJl». Paccmotpum Bonpoc yBeiauuenust KITJI cuctemsl
«[TY-CAIIM» B cpaBHeHHH ¢ cucteMoit «ITH-AJ».

B ob6mem crnyuae kartanoxssle 3HadeHus KIIJ]
ACHHXPOHHOTO ABUTATENs MPUBOAATCSA ISl CHHYCOU-
JAIBHOTO HANpsDKEHUS NHUTAaHUS NPH HOMHHAJIBHOMN
MOIIHOCTH W 4YacToTe BpauieHus. [lurtanue ot npeod-
pa3oBatens 4acTOThl NMPUBOAUT K JOIOJIHUTEIBHBIM
TIOTEPSIM B 3JIEKTpoABHTaTene. B cooTBeTcTBHY CO CHie-
mudukammerr 60034-17 >TH moTepH OLCHUBAIOTCS B
20% oT moNHBIX OTEPs (3, ¢. 14). DTH moTepy, NpsIMO
BIUSAIOT Ha Aeknapupyemoe KII/I anexkrpoasurarens.

B pexume perynupyemoii ckopoctu stot KIL .,
TaKkuM 00pa3oM, omnpeenseTcs ciuexyomei GopMynon
[5].

m=m1/(1.2 — 0.2m1)

1o~ K.I1. . acHHXpOHHOTO 3JIEKTPOABHUTATENS IPU
NUTaHUU OT mpeoOpaszoBatens wactoTbl, mi- K.ITJI.
ACHHXPOHHOTO JJIEKTPOABMIATeIs MPHU HHUTAHUH OT
ceTn

IIpumep: 75 kBt npu padore Ha 1450 Myt

m=0,93- K.ILJI. acHHXpOHHOTO 3JIEKTPOJIBHTA-
ters 75 kBt ot cetu 50 I'm;

2- npuMepHbiid K.I1.JI. aTOro snexkrpoasurarens
TIPY MUTaHUH OT npeobpazosaresst yacToTsl mpu 50 'y

m=0.93/(1.2-0.2:0.93)=0.916 T.€.91.6%

Jnst Tol ke MOIMHOCTH M YCJIOBMM NHMTaHUSA
K.ILJ. anekrpoasuratens LSRPM pagen 95,6% [5].

B nocnennee BpeMs: CHHXpOHHBIE ABUTATEIIH C T10-
crossHHpIME MarHuTamu (CIIM) mpuBiexaroT MOBHI-
IICHHBIA HHTEPEC B CBSI3U C MX aKTUBHBIM HCIIOJIH30Ba-
HUEM B MPOMBIIUIEHHBIX 3JIeKTponpusoaax [4,5]. Tu-
MOBBIE YCTAaHOBKM JJsl MCIOJIB30BAHUSA: HACOCHI,
CHCTEMBl BEHTUJISILIUM, KOMIPECCOPHI, KOHBEHepsl U
T.4. Hanpumep, CAIIM [6] pexomeHnxyeTcss Al HC-
M0JIb30BAHMUS B COCTaBE IPUBOJOB CTAHKOB-Ka4aJIOK Ha
HedTenoOpBatonmx ckBaxuHax, CJIIM wucnonp3y-
IOTCSl B NIPOMBINUICHHBIX 3JIEKTPONPHUBOAAX (HACOCHI,
CHCTEMBl BEHTHWJIIIIMH, KOMIIPECCOPHI, KOHBEHEpHl M
T.1.), CAIIM mmpoko Takxe MPUMEHSIOTCS I MpH-
Boga kommpeccopoB. C/AIIM cnocoOHBI KOHKYpHPO-
BaTh C aCHHXPOHHBIMH ¥ CHHXPOHHBIMH 3JICKTPOIIPH-
BoJilaMu MolHOCThIO OT 0.75 1o 650 kBT [5].
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IlepeyeHb J0CTOMHCTB:

1.Bbicokuil mMycKoBOM BpalIAOIIUH MOMEHT,
0o.1b1IAsI Meperpy304Hasi CoCOOHOCTh U MTOHIKCH-
Hasl yCTaHOBJICHHASI MOIIIHOCTb.

2.Bbicokas padouasi 3¢PeKTHBHOCTH BO BCEM
JMama3oHe CKOpOCTEH BpaIleHWs, BO3MOXHOCTh pa-
60THI TIpH cos ¢ =~ 1.

3.bonee nMUTENBHBIN CPOK CITy>KOBI. Y Benn4eHHe
CpoKa CITyOBI 32 CUET CHIIKCHUS TeMIIepaTyphl 101~
HIMITHUKOB U POTOPA.

4.CHWKEHHEe CYMMBI OIUIAaThl 32 MOTPEOICHHYIO
3JIEKTPOdHEpruio [4].

5.MeHblyI0 YyBCTBUTEIBHOCTh K KOJEOAHUSIM
HATPSDKCHUS U OTCYTCTBHE KOJIe0aTeIbHOCTH SIEKTPO-
MarHUTHOTO MOMEHTA TIPH ITyCKe.

[oBrImIeHNEe HAAEKHOCTH BO MHOTOM OTIPEIEIIS-
FOTCSI ITyCKOBBIMH CBOMCTBAMH:

KPaTHOCTH ITyCKOBBIX TOKOB 1 MOMEHTOB, KoJre0a-
TEIBHOCTHIO AJIEKTPOMArHUTHOTO

MOMEHTA IIPU CKOJIBKEHHAX S 0T 1 10 Sy (KpuTH-
yeckoro) [3].

B nononuenue k [4] npousBeieH CpaBHUTEIbHBIN
aHanu3 nepexoaubix pexkumor CATIM ¢ CJ1 06braHOrO
ucnonnenus. Ha puc.1-6 npuseneHs! rpaduku mepe-
xonubix nporeccos CAINM u CJ] mpu mycke [7 .
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[IpuMedanue: MOCKOJIBKY Y CHHXPOHHBIX JBHIa-
TeJel UCTIOIB3YETCsl ACHHXPOHHBIN MYCK, TO IMTyCKOBBIC
XapaKTEPUCTUKHU MPHU CKOJIbKeHUAX S oT 1 10 Syp 1i1s1
Al u CJI n1eHTHYHBI.
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THE MEAN VALUE THEOREM FOR LAPLACIAN ON THE GRAPH

Summary: This article deals with the problem of the mean value theorem for harmonic functions, defined on
some given domain. Analysis of recent studies has been conducted. That allowed us to replace the classical metric
sphere by so-called probabilistic sphere and the harmonic functions were the limits of the discrete functions, which
describe the Brownian motion on the graph. The advantage of the described theory is that it can be devoted to the
graph of arbitrary structure, and further it will be developed to the arbitrary stratified set. Several numerical ex-

periments were made to demonstrate feasibility of our method.
Keywords: the mean value theorem, harmonic function, geometric graph, random walk, probabilistic sphere.

Introduction

The theory of the ordinary differential equations
on graphs (on stratified sets in more general context)
has begun its development in 80-th years of last century
in the works of IToxopwueriit }O.B., ITasnos b.C., ®ances
M.J., G. Lumer and others. Some significant results
had been achieved to the present moment: the questions
of solvability of the boundary value problems on
graphs, the elements of spectral theory had been con-
structed.

Graph G is defined to be a connected subset of R¢
consisting of a finite collection of points v, v,, ..., v
called vertices and some open intervals e; connecting
this vertices called edges. This graph is supposed to be
divided into two parts: G, and 0G,. 3G, consists of the

e={XeER:X=v;+¢t

vertices of multiplicity one (multiplicity means the
number of edges adjoining to this vertices).

Sub-graph G’ is defined to be an open and con-
nected subset of G. Sub-graph G’ < G has the interior
vertices only from G, i.e. every interior vertex of sub-
graph is also interior for graph G. There is another situ-
ation for boundary vertices of G'. Let e; is an edge,
which contain X, € dG’, then it belongs to the sub-
graph G’ not all, but with one-piece cutting-of X,. It is
the main difference between our definition of sub-
graph and algebraic interpretation. [1]

If the edges admit a sufficiently smooth parametri-
zation and do not have self-intersections, we can as-
sume that they are rectilinear intervals. Thus, it is con-
venient for us to assume that G, consists of some set of
disjoint intervals

v — V;
L .0<t<l}

||Vj —”i”’

where [ equals the length of the edge e. The value of the parameter t, corresponding to the point X € G, may
be interpreted as a coordinate of the point X. Using this parametrization we can interpret a restriction u;, (X) of the
function u: G — R as a function u, (t) of numerical argument defined by

U (t) = wpe (m (1))

where m:t — X is a coordinate mapping. Using this numerical representation, we can define the derivative

u'(X).

The differentiation of the function u(X): G — R inside the some edge e is done by the natural parameter,
besides it is assumed that the orientation is chosen for this edge (one of two possible directions). For example, on

the edge e = (a, b) with orientation 'from b to a' the derivative 3—2 (X) is defined like

d d (a—b)
u'(X) = aue(t) = au <b + ti)

lla = bll

If we change the orientation, the sign of u’ will change to the opposite. However, the sign of the second
derivative u'’ is not depend from the orientation of the edge.
The harmonic function on the graph is a solution of equation



L ||
36 Wschodnioeuropejskie Czasopismo Naukowe (East European Scientific Journal) #4(44), 2019 =28
{ Au = 0 on each edge

Z u, = 0 on inernal vertices

The first equation means, that the function w is a linear function. The second one- the sum of the directional
derivatives (orientation is from the given vertex to the opposite one) is zero. In addition, we can take some values
of function at boundary vertices. If, for example, take u,5, = 0, then we will get a zero solution. Let us take non-
zero values of u on boundary, and then we will get a Dirichlet problem

Au = 0 on each edge

Z u, = 0 on internal vertices

u(v;) = a; on boundary vertices
Consider the solution of Dirichlet problem u;, which equals

{ u=1onvy;
u = 0 otherwise

One easily can be see that u; is a solution of the initial problem. If we multiply it to a;, the new combination
will be the solution of described above Dirichlet problem. On the other side, the solution u; has a probabilistic
point of view. Let particle begins it motion at the point X, € G,. What is probability of particle to achieve some
fixed boundary vertex, assuming that other boundary vertices are absorbing? The function w; may be interpreted
as a solution to this kind of problem: particle starts at the point X, = v, i.e. the probability to achieve vertex v is
one and particle is absorbed instantly. Particle starts at another vertex v; # v, i.e. it has never achieved vertex v,
because it will be absorbed, and that is why the probability is zero. And so on.

Analysis of recent research and publications

Let Q be a domain in R™ and u is a C2(Q) function. The Laplacian of u, denoted Au, is defined by

Au = Z D;u = div

The function u is called harmonic (subharmonic, super harmonic) in Q if it satisfies there
Au=0(=0,<0) (3]

The first result, related to our theme, belongs to C.F.Gauss. It claims that if u is a harmonic function in
the domain G < R", i.e. the function satisfies the equation Au = 0, then for each &in the domain and the ball
B, (&) c G centered at ¢ the following formulas are hold:

= ! dl
(@) = ﬁjs u(x)

1 j
u(x)ds
4mr? 9Br(§)

u(é) = 3 3f u(x)dv
4 Jp, )

u(@) =

In general case we can comprises the well-known mean value properties of harmonic, subharmonic and super
harmonic functions.
Theorem Let u € C%(Q) satisfy Au = 0(= 0, < 0) in Q. Then for any ball B = B, (y) cc Q, we have

1
=(<>)—
UG = (%2) 7oy fa uds,

1fd
wanBux

u(y) = (s,2)

where w,, is volume of unit ball.

For harmonic functions theorem thus asserts that the function value at the center of the ball B is equal to the
integral mean values over both surface dB and B itself. These results, known as the mean value theorems, in fact
also characterize harmonic functions. [3]
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Because of importance of Gauss theorem, the several repeated attempts were made to generalize it. An ana-
logue of the Gauss theorem for the harmonic functions on stratified sets has been obtained in work of E.I'.I'o,
O.M.ITenxun in 90-th of the last century. A stratified set Q (fig. 1) is defined to be a connected subset of R™,
consisting of a finite number of smooth manifolds (strata) oy ; adjacent to each other according the following
rules:

1) Forall couples oy, gy, either o ; N 0, = @ OF 0 j N 0y CONSists of strata.

2) The boundary 96 ; = gy;\oy; consists of strata.

3) If o > ox_q; and Y € oy_qj, then T,o; (tangent space) has a limitposition (as X — Y) containing
Tyok—lj'

Fig. 1. Example of the stratified set

Many Laplacians Ap can be determined on stratified set. Harmonic functions in mean of thisLaplacians
have some properties similar to the properties of simple harmonic functions in the domain of Euclidean space,
but there is also significant diflerences. Roughly speaking, there are two extreme cases of Laplacians - soft and
hard. The soft Laplacian is closer in its properties to the classical one, than the hard one. In the last decade,
interest in equations on stratified sets has steadily increased. Their systematic study began with a one-dimensional
case by the works of G. Lumer and Yu. V. Pokorny. Multidimensional problems began to be studied by S.
Nicaise,W. Zhikov. [4]

Let X € gy; < Q and 1,(X) is the minimum of distances from point X to (k — 1) -dimensional stratum,
which do not contain X in their closure, and let B,.(X) be a ball in R™. Let the set 9,.(X) = B.(X) n Q will be
called a stratified ball for r < r,. Define 35 (x)(u) as the weight average

~ _ I o0 Pudn
Ss.00W) = ———
g, 0 P
of the function u for the ball :t,.(X) and J55,(x)(w) as similar average for the corresponding stratified
sphere. Then there is the following statement:
Theorem Let u € C2(€Q,) is a p-harmonic function. Then

Ip,00W) = Jap, oW = ulX)

However, in the work of E.I".T'or;, O.M.Ilenkun the mean value theorem has proved only for the stratified
balls of so-called ‘allowable radius’. If we are dealing with the graph, the definition ‘allowable radius’ means that
it cannot exceed the distance from the center to the nearest vertex. In this case, sphere is defined metrically as the
set of points equidistant from a given point (for example, center of a ball) to a distance, which is not exceeding a
fixed positive number.

Presentation of the main material

Here we give a probabilistic interpretation of the following Dirichlet problem for Laplacian A on graph G:

Au=0onG
{u|aco = ¢ (function)
where A acts on functions in C2(G) as follows:
u' on edges

Au = . .
u’,,l. = 0 on internal vertices v
ei>v

here a notation e; > v means that the e; is adjacent (attached) to the vertex v and u,, (v) stands for the direc-

tional derivative of u at the vertex v, correspond to internal direction ‘form v to the interior or e;’. In other words,
v; is a unit vector at the vertex v directed to another vertex of the edge e;.
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C?(G,) denotes the set of all scalar valued functions, which are continuous on G, and have continuous deriv-
atives up to order two on each edge.

Let denote by u, the solution of the problem: what is the probability to attain form point X to some fixed
vertex v, assuming that other vertices are absorbing. Then the well-known Dirichlet problem has the form

Au, =0
u(vy) =1
u() = 0,v € Gy\{vo}

Theorem The solution to the described Dirichlet problem on the graph has the form u = ¥.,ca6, ¢ (V) w,.

Proof It is easily known that each harmonic function is a linear combination. In our case u,, is a harmonic
function, ¢ (v) is a fixed number, summing these we again get the harmonic function because of linear operator
A. Our solution must satisfy the boundary conditions: at the vertex v, we get u(v) = ¢ (v) and on the others- zero.

For arbitrary point X, fix the vertex v. Let u(X,) be a probability of point X, to achieve vertex v, assuming
that all other boundary vertices are absorbing. In the limit, there is a continuous random walk (§ — 0,n = o, u$ —
u,,). The function u, equals

{1 at the vertex v
0 otherwise

Besides, this function is harmonic. Assume that particle begins its motion on the some edge at the point X,,.
Then

§ 1 5 1 5
ub(Xo) = Sub (Ko +8) + 5l (Xo = 8)
1 5 1 5 ) 1 )
0= Euv (Xo +6) — Euv(Xo) — (uy (Xo) — Euv(Xo —-9))

1 s 1 s
0 =Euy (X0)5—Euv (X0_6)6

1
Eu’;f(Xo)az =0
Dividing last equation by % and letting & tends to zero we get the well-known harmonic function on the graph.

Such assumptions might be applied to the case when particle begins from the some interior vertex (here sum of
the directional derivatives will be zero).
We know that each harmonic function might be represented as a linear combination of

u= Z ciu,
VEDGy

Therefore, it is sufficient to prove the mean value theorem for the function u,,, and then it will be true for
arbitrary harmonic function.

The analogue of the mean value theorem for harmonic function on the graph

Theorem Let G' is a sub-graph in ¢ and X, € G'. u,(X) is a probability for Brownian particle starting its
motion from the point X to achieve the vertex v (before being absorbed by another boundary vertex). Then

Uy, (Xo) = prty (V1) + D21y (V3) + D3, (V3) + -+ + Pruy (Vi)

where v;" are boundary vertices of G, p; denotes a probability for the particle starting its motion form X, of

the first passage through the vertex v;.

Corollary Let p; = p, = --- = p, and its sum is one, then vy, ..., v, lies in probabilistic sphere and
k
1
w0, (o) = 7 D ()
i=1

Remark Probabilistic sphere does not depend of choosing v.
Main theorem Let u be a discrete harmonic function and G’ is a probabilistic ball centered at X,,. Then
Zi'(:1 u(v;")

u(e) = ===

Proof We know that

k k
1 1
WD) =) uG () =) w@ Y wE) =) Y uunm)
L =1 i=1  VEoho
1
u(Xo) = ;Zu(u/)

Conclusion and universal methods, but we were interested in the

The article is devoted to develop the analogue of  methods, which later may be applied to stratified sets

the mean value theorem for the harmonic functions on  also. The mean value theorem for harmonic functions
the graph. The results can be achieved using the simple  on stratified sets without ‘allowable radius’ of the
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sphere is one of the interesting serious and perspective
problems nowadays. It had be seen that instead of met-
ric sphere at the Gauss theorem should be used so-
called probabilistic sphere, and harmonic functions in
this case are limits of the discrete functions which de-
scried the Brownian motions on the graph.
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APPLICATIONS OF THE FRACTAL METHOD FOR DETERMINING THE LENGTH OF THE
KUBAN COASTLINE IN THE KRASNODAR CITY RIGION

boeun Anexcanop Anexcanoposuu

yuumens Quzuxu,cpednsis 0bweobpasosamenvras wkona Ne 63, e. Kpacnooap

Heankoea Ilonuna Huxonaeena

yuawasics,cpeoHss 0oweobpazosamenvras wikoaa Ne 63, . Kpacnooap

NMPUMEHEHUE ®PAKTAJIBHOI'O METO/IA JIJISI ONPEJEJEHUA JJTUHBI BEPETOBOI
JIMHNU KYBAHHU B YEPTE 'OPOJA KPACHOJAPA

Summary: Using fractal theory, the formula for the length of the coastline of the Kuban River within the city
of Krasnodar is obtained and its fractal dimension is determined. It was revealed that for the river bank coastline
there is a limiting minimum size of the square grid cell size used in the processing of a satellite image, less than
which the coastline fractality is not observed.

Annoranusi: [Tonp3yscek GppakTaibpHON Teopueii, nonyueHa Gopmylia JIuHbI 6eperoBoii muHuK peku KybaHnb
B uepre ropoja KpacHonapa u ornpezesnena e€ ¢ppakraibHas pa3MepHOCTh. BBISIBICHO, 4TO ISl pEYHOro mnodepe-
JKbsl CYLIECTBYET MIPEEIbHOEC MUHMMAIILHOE 3HAYEHHE pa3Mepa sIYeHKH KBaJpPAaTHOM CETKHU, UCIIOJIb3YEMOMU B IIPO-
necce 06pa6OTKI/I KOCMHYCCKOT'O CHUMKA, MEHBIIIC KOTOPOT'O @paKTaﬂLHOCTB 6€pGFOBOI\/'I JIMHUU HE Ha6J‘IIO,I[aeTC$I.

Key words: fractal method, fractal length, coastline.

Knrouesvie cnosa: gppaxmanvrviii Mmemoo, ppakmanvHas Onuna, bepe2o8ast IUHUsL.

BBenenue.

B HacTosimee Bpems Teopus (paxkTaioB HMEET
[IMPOKOE PACIPOCTPAHEHHE U TPUMEHSETCS BO MHOTHX
001acTsAX YeNoBEUECKON AeATENFHOCTH. B wacTHOCTH,
JUTsI OTIpeieNieH sl ANMHBI OeperoBoit muuu. [lonarasi,
yTo (hopmMa OeperoBod JIMHHWK MPEACTaBISIET COOOMH
(hpakTan MOXHO OTIPENIETHUTD €€ PPaKTATBLHYIO pa3Mep-
HOCTH U (ppakTaibHyIO AMUHY. Perenne mo1o0HbIX 3a-
Jad uMeeT OOJbIIOE MPAaKTHUECKOEe 3HAueHHeE, I10-
CKOJIbKY TI03BOJIIET OLEHUTh YKOHOMHUECKUE 3aTPaThl
Ha CTPOMTEILCTBO NMPUOPEKHBIX KOMMYHHUKaNUH, 10-
pOT U ApYrux coopykeHui. dpakTaabHbIH METO]| ObII
UCIIOJIb30BaH, HAIPUMED, JUIS ONPE/IeJICHHS JUINHEI Oe-
perosoii muanu Hopseruu [ 1], Benukobpuranuu [2,3],
10HOTO Mobepexnst Kppima [4]. B atux pabdorax B Ka-
yecTBe 00BEKTa HCIOIB30Bajach MOpcKas Oeperopas
nuHAA. [ pedHbIX OeperoBbIX JTHHUN (ppaKTambHBINR
MeTOJ He mpuMeHsuics. B gacTHOCTH, A71s1 OeperoBoit
nmuanK pexn Kyb6ans. Mcxos u3 mpakTHYECKUX LETeH,
B JAaHHOM CIly4ya€ pacCMaTpUBAICS TONBKO Y4acTOK
pexu, Bxoasmuil B uepTy ropona KpacxHonapa.

Onncanne ¢paxraabHoro meroga E. ®@enepa
AJ8 M3MepeHus1 NJINHbI 0eperoBoii JIMHUH.

benya Mannens0pot, paboTas B aMepUKaHCKOU
nccienoBaTebeckoM neHTpe |BM, nposBisi cBoit wH-
Tepec K MPUIOKEHUSIM MAaTeMaTUKHU B PA3IMYHBIX 00-
nmactax. B wacTHOCTH, ero 3amHTepecoBana npobieMa
U3MEpeHus AIHHBI OeperoBoil smHMKM BemukoOpura-
Hur. OKa3ajaock, 9TO OTBETUTH HA ATOT BOMPOC BeChMa
3arpynHuTenbHo. CBon mccnenoBanus b. Mannenn0-
poT omyOnuKoBall B xypHaie «Science» B 1967 rony
[2]. B aroii myOnMKanuy paccMaTpHBAETCsl HapaoKC
OeperoBol JTMHHM, 3AKIIOYAIONIMKACS B TOM, 4TO €€
JUIMHA 3aBHCUT OT cmocoba e€ w3Mepenus. Ecmu
OIICHKA JUTHHBI OEPETOBOM JIMHUU OCYIICCTBILICTCS Y-
TEM HAIOKEeHUs Ha KapTy N paBHBIX OTPE3KOB JUTHHOMN
0, TO OKaXKETCS, YTO YeM MEHbIIIE JUTHHA OTPe3Ka U3Me-
peHuii, TeM OOJbIlle CTAHOBUTCS KOHEUHas H3Mepse-
Mas anuHa. [Ipr 9ToM B citydae cTpeMIIeHUs! UTHHBI OT-
pe3Ka U3MEPEeHNH K HyJII0 3HaYeHHE TMHBI OepeToBOi
JUHAK BO3pacTaeT A0 OeckoHeyHOocTH. Takum obpa-
30M, YTOOBI TOBOPHUTH O JUIMHE OEpPeroBOW JIMHUH,
HY>XHbl KaKUe-TO IPYIrHe CpeICTBa KOJIMYECTBEHHOU
OLICHKH.

[t onpeencHus [UTMHBI OeperoBoit InHuu MaH-
JETBO0POT BOCHOJB30BAJICS IMIIMPHUYCCKUM 3aKOHOM,
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BeIBeieHHBIM JIptonicom Puuapaconom. CornacHo
STOMY 3aKOHY, M3MEpeHHas HuHa () pa3IMdHBIX
reorpa)MuECKUX T'PaHHUI SBISAETCS (PYHKIMEH IMIKabI
u3MepeHus O. AHaIM3UPYs ONBITHBIC JaHHBIC U3 HE-
CKOJIBKMX PA3IMYHBIX NPUMEPOB, PUdapacoH BbICKa-
3aJ1 MPENIoI0XKeHne, 9To L(d) MoKeT OBITh almpoKCH-
MHUpOBaHa (QyHKIHEH BHIA

L(8) = A6*7P, (1) rue A sBaseTcs NOI0KHUTENb-
HOM KOHCTAHTOM, a D SIBIIgeTCS KOHCTAHTOM, Ha3bIBae-
Mol ppaxkmanvroi pazmeprocmoio [1].

TepmuHBI (pakTanbHas pa3sMEpHOCTs U (pakTai
ObuTH BBeZieHbl MannensoporoM B 1975 roay(3], npu-
MepHO uepe3 10 Jer mocie Toro, Kak OH OMmyOIHKOBa
CBOIO CTaThIO 0 camono100uu nodepexns: Bennkodpu-
Tauuu. OpakranpHas pa3MEpHOCTh — BEJIMYMHA JPOO-
Has W. B JIAHHOM CIIy4ae, MOKET OBITh OOJbIIEC HIN
pasHa 1. IIpu 3TOoM, OeperoBas TMHUSL, €CITH OHA BBITIIA-
JIT TIIaAKOH, JODKHA UMETh Pa3MEPHOCTD, OJM3KYIO K
1, a gem Oosiee M3pe3aHHOW OHA SBISACTCS, TO TEM
O6mke e€ pasMepHOCTh K 3HaueHHWIo 2. Pudapicon
MPpUBOAUT B CBOUX HCCICAOBAHUAX B KAYCCTBEC IIpU-
Mepa pasmepHocTsh 1,02 mus mobdepexnbst HOxHoN Ad-
puku u 1,25 — nuist 3anagHoro nodepexbs Beaukodpu-
TaHUH. TakuM 00pa3oM, U3MEPHUTH JJIHHY OeperoBoit
JIMHUH MOKHO TOJIBKO NPUOJIM3NUTEIBHO, 3aJaBasiCh 11a-
paMeTpoM d, TO €CTh JUIMHOHM OTpe3Ka HpsIMOii, KOTo-
PBIM «CTTIKUBAIOT)» U3TUOBI TOOEPEKBSL.

B 1988 r. HopBexckuii yueHslii Enc ®enep npen-
JIOXKWJI APYTO CHOCO0 M3MEpEeHHUs IIMHBI OeperoBoit
muann Hopeermn. CorylacHO 3TOMy cnocoOy, KapTy
MOKPBIBAIM KBaJPAaTHON CETKOM, sUEHKH KOTOpOH
UMenu pa3Mepsl 0xd. BumHo, 9To ymcmo M(3) Takux
S4YEeK, KOTOphIe TOKPHIBAIOT OEpEeroByr0 JHMHHUIO Ha
KapTe, NPUOJIMKEHHO PaBHO YUCIY ILIaroB, 3a KOTOPOe
MO>KHO 000UTH TI0 KapTe OEpeTrOBYIO JUHHIO ITUPKYIEM
¢ pactBopom 0. Eciiut 6 ymMeHbI1aTh, TO Yrcio M(3d) 0y-
JIeT BO3pacTarh.

B cBoeit knure [1] E. ®enep onuceiBaer MeTo-
UKy oTipenesieHus ppakTambHON pasmepHocTd D Oe-
PEroBOi JIMHUN TP WCTIONB30BAaHUN KBaJpaTHBIX Ce-
TOK pa3zHoro Macmraba. B xkauecTBe OCHOBBI JUIs pac-
4&TOB HcHosb3yercss Gopmyna, rae npussto L(§) =
md, Torga

mé = A§*7P. (2)

HaxksaasiBasi mociie1oBaTeIbHO Ha HCCIIEAYEMYIO
OCperoByr0 JHHUIO KBAaIPaTHBIC CETKH C pasMepaMu
CTOPOHBI 81, 02,,..0n, MOJACUUTHIBACTCS COOTBETCTBYIO-
[Iee 4KCiIo KBaapaTtoB Mi, My,,..M,. Yuciao N pasmuy-
HBIX CETOK JIOJDKHO OBITh TAKHM, YTOOBI ITO YHCITY N TO-
YeK MOXHO Obuto ObI mocTpouth rpaduk. PazymHo
Opatb N > 5. Jlanee BBOISATCS BETUYNHBI

x =1g6,y = lg(mé) 3)

Ilocne BeluuCIIEHUH NosydaeTcs N nap 3Ha4eHUH
X 1Y, TI0 KOTOPBIM CTPOUTCS I'paduK JINHEHHON PyHK-
K y = ax + b. Tak Kak TOYKH ¢ KOOpAUHATaMH (X,Y)
HE BCETZla PacHoyararTcs BIOJIb HPSMOi, TO ¢ MOMO-
IIbI0 METOJa HAaUMEHBIINX KBaJpaTOB MPOU3BOAUTCS
JMHeapu3auus 3aBucHUMOCTH Y(X). MeTon HauMeHb-

IIMX KBaJpaToOB IIO3BOJIIET paccyurarh Koddduim-
eHTHl a U b B QyHKIMK ¥ = ax + b. VHave 3T K03(h-
(UOMEHTHI MOXKHO OIPEAEIHTh HEMOCPEACTBEHHO IO
rpaduky y(X).

Tak kak L(6) = md, 1o y = lg(md) = lgL. To-
raa ¢ yaétom BeipaxkeHus (3) GyHKuuro Y(X) MOXHO 3a-
IMcaTh B BUJE

y=ax+b = IlgL=a-lgé+b (4)

[orennmpys BeIpaxeHue (4) MOXXHO €ro mpeood-
pa3oBath K BHIY

109k = 10%195+0 = [ =107- 6 (5)

CpaBHuBasi ojry4eHHOE BbIpaxkeHue (5) ¢ popmy-
no# (1), umeem
A=10%a=1-D (6)

Ortcrona ciienyeT, 4To GpakraibHas pa3MepHOCTb
OeperoBoil TMHIH
D=1-a (7)

Ucnone3ys onucanublil Beiie meton, E. @enep
paccuuTai GppakTaabHY0 pa3MEpHOCTh OEPEroBOi JTH-
Hun Hopseruu, xotopas cocraBmia D=1,52. Cnenyer
OTMETUTB, 4T nobepexbe HopBernu cuiabHO U3pe3aHo
¢dbuopaamu. A JUIst OeperoBoit JIMHUAN
BenukoOpuranuu, nobepexxbe KOTOpol nMmeeT Oosee
TJIaJKue  KOHTYPBHI, (pakTagbHas  pa3MEpPHOCTh
cocrasuna Bcero D=1,3,

Bbruncienue ¢gpakrajbHOil padmepHocTH Oe-
peroBoii innuu pexu Kyoanu B yepre ropona Kpac-
HOJapa.

J1y1s BBITIOJTHEHNSI HAMEUEHHBIX M3MEpEeHNH ObUTH
BBIOpaHBI CIIYTHUKOBBIE CHUMKH Topojia KpacHoaapa,
npezacraBieHHsle B MHTepHeTe. BaxkHOi ocobGeHHO-
CTBIO TAKUX CHUMKOB SABJIACTCA BO3MOKHOCTD PETYJINU-
poBaTh 00JIacTh 0TOOpa)KEeH!sI U MaclTad CHUMKOB B
HIMPOKOM JirarnasoHe. [Ipu 3ToM Ha SKpaHe oToOpaxa-
eTca MaciTaOHas THHEeHKa.

Bhauaiie He00Xx01MMO OBLIO YCIIOBHUTBCS O TPaHu-
ax y4actka peku KyOaHb, 1151 KOTOPOTO MPECTOSIO0
MIPOBECTH BBIUMCICHUS. BBIOpaB cooTBeTCTBYIOMNI
MacmTad CHUMKA, YCIOBMINCH TPAaHUYHBIMU TOYKAMHU
CUMTaTh: HA BOCTOKE - MECTO MCTOKa peku u3 KpacHo-
JIApCKOTO BOAOXPAaHWJIMIIA; Ha 3allajie — CEPeUHy H3-
JyYUHBI Ha TPaHMIIE CTaHUIBI Enm3aBeTHHCKOM (KOTO-
past BXoauT B cocTtaB [IpukyOaHCKOro oKpyra ropoja
Kpacrnopmapa). O1tv TpaHHIlBl OTMEYEHBI Ha pHc. | qyro-
o0pa3Hoii nmuHuel. [IocKoIpKy B TaHHOM 30HE MTPaBHIit
6eper Kybanu otHocutcs k KpacHomapy, a JeBbIil — K
PecryOnuku Anpirest, To, €CTECTBEHHO, BCE N3MEPEHUS
B JJTaHHOH pabOTe OTHOCATCS TOJBKO K NPaBOOEPEIKBIO
PEKH.

Texnonorus paboOTHl €O CIYTHHKOBHIMH CHHM-
KaMH COCTOUT B cliexyromieM. Ha kocMuueckuii cHU-
MOK HCCIeIyeMoro Oepera HaHOCWIACh KBaJpaTHAs
ceTka. HeoOxomuMmelid pa3mep KBagpaTHOW SUCHKH
CETKM YCTAHABJIMBAJCS B COOTBETCTBHM C MacmiTal-
HBIM OTPE3KOM Ha CHUMKeE. B cirydae, Koraa nuHUA uc-
ciemyeMoro Oepera pasMemagach Ha HECKOJBKHX
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CHHMKAaX, OCYIICCTBIISIACH Tomorpaduyeckas mpu-
BsI3Ka IOJIOXKEHUS CETOK, TaK, YTOOLI CHUMKH COIJIACO-
BBIBAJINCH MEXKITy COOOM.

Kollapckuu!
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Puc.1. Cnymnurosas xapma zopooa Kpacnooapa.

C HOMOIIIBIO OIMCAHHOIO CII0c00a OBUIM U3TOTOB-
JICHBI U WCIIOJIb30BAHbI KBAIPATHBIC CETKH, HMCIOIIHE
CICIYIONIMHA Pl pa3MepoB siueek (B km): 4x4; 2x2;
1x1; 0,5%0,5; 0,2x0,2 u 0,1x0,1. ITo 3TUM CHUMKaM
OBLIO MOCYUTAHO CYMMApPHOE YHCJIO KBAJIPATOB CETKU
M, KOTOpBIE TIepecekaa Oeperopasi JTHHHUS.

Ucxons u3 HallICHHBIX YKCEN KBaAPaTOB M U pa3-
Mep stueriku ceTkH & mo ¢opmynam (3) ObuIH paccyu-
TaHbI 3HAYCHHS BEITMYHMH X U Y U 110 3TUM JaHHBIM CO-
cTaBieHa Tabnuna 1.

Tabmuma 1.
3, KM 4 2 1 0,5 0,2 0,1
x =1gb 1,301 1,000 0,699 0,398 0 - 0,398
m 12 27 62 147 324 597
y = lg(mé) 1,681 1,732 1,792 1,866 1,812 1,776

Hcnonb3yst TabnnvHBIE AaHHBIE, OBUI MOCTPOEH
rpadux 3aBucuMocTH Y(X), npuBeIEHHBIN Ha puc.2. Ha

1.9%Y

1.76

1.74
1.72

1.7
1.68
1.66

rpa(l)mce HUMEETCA TOYKa PE3KOro M3joMa, 4TO HEXa-

pakTepHo At rpaduKOB Takoro poja [3,4].

-1 -0.8

-0.4

-0.2 0

0.2

Puc.2. I'paghux 3asucumocmu y(X).
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W3BecTHO, 4TO I WAEaNbHON (hpakTalbHOM
CTpyKTYphI rpaduk Y(X) T0KEH ObITH B BUIE TPSIMOI
C OTpPHUIATENbHBIM HakIOHOM. OJHAKO NPHUPOAHBIC
00BEKTHI, B YACTHOCTH OeperoBasi JIMHUS PEKH, HE SB-
JSIOTCS WICATBHBIM (PaKTaIOM, W MOATOMY Tpaduk
3aBUcUMOCTH Y(X) OYIeT OTINYAThCS OT TPSIMOM B Ty
WY UHYIO CTOPOHY. beperosbie IMHUM MOPCKOTO I0-
Oepexbs UMEIOT OoJiee BBIPAKEHHYIO (DPaKTaIbHOCTD.
Tak B paboTe [4] anst pacuéra ppakTaabHON pa3MepHO-
cTH OeperoBod JIMHUM FOKHOTO MoOepexbs Kpbima
rpaduk Y(X) mosydeH B BUIe KPUBO#, 110 hopme OIii3-
KOM K IPSIMOH, II03TOMY 3Ty KPHUBYIO OBUIO JIETKO JIU-
HeapHu30BaTh C IMOMOIIBIO METO/Ia HAMMEHBIINX KBaJI-
partos.

Uro xe KacaeTcs m3joMa rpaduka Ha puc.2, TO
9TO MOXHO OOBSACHHTH TakKMM OOpa3zoM: mpu Ooiee
MEIKOM MaciuTade OeperoBas JMHHS CTaHOBHTCS
CTOJIb TJIAIKOH, YTO Mcue3aeT e€ (paxTanbHas CTPyK-
Typa u e€ (pakTaibHas pa3MepHOCTh cTpeMuTcs Kk 1.

CnenoBarenbHO, 1y1st pacuéra GppaxTanbHON JUTMHEL Oe-
peroBoii tuHNH peku KyOaHp HMeeT CMBICT BEIOpATh T€
YYacTKH TpaduKa, KOTOPBIE OTPaKaOT (paKTaTbHBINA
xapakTep modepexss. Ha puc.2 3ToMy COOTBETCTBYET
4acTh rpaduka 0 M3JI0Ma, TO €CTh JINHUS, COSIUHSIO-
masi 4eThIpe MpaBbIX TOYKH. EciaM BOCIOIB30BaTHCS
TabmuIei 1, To 3TO 03HaYaeT, YTO Ha yJ4acTKax Oepera
Kyb6anu nnmHoit menee 500 M ¢pakranbHas CTpyKTypa
nodepexbst OTCYTCTBYeT. IloaToMy At AanbHEHIINX
pacy€ToB (pakTaNbHOW pa3MEpPHOCTH OEperoBo JH-
Huu pexu KyOaHp OyieM UCIonbp30BaTh 3HAUSHUS Tab-
ymnbl 1 Toapko misg 6 > 0,5 k.

Jnst nuHeapusanuu rpaduka Y(X) B yKa3aHHBIX
npezaenax OblI MPUMEHEH METO/] HANMEHBIINX KBaApa-
TOB. JIJI 3TOr0 OBLIIAa COCTaBJICHA TabnHIa 2. 3HAUCHUS
X; ¥ Y; B3ATHI U3 TAONHUIIEI |, TIe HOMEpP CEeTKH (OIIbITa)
i=1,2,...,n, a YUCII0 UCMOIB3YEMBIX CETOK N = 4.

Tabnuna 2.
Xi Vi xi2 XiYi

1 0.602 1.681 0.3624 1.01196

2 0,301 1.732 0.0906 0.52133

3 0 1.792 0 0

4 -0.301 1.866 0.0906 -0.56166

in =0,602 Zyi =7,071 Z x? = 0,5436 Z x;y; = 097163
X i i i i

PesynbTaThl pacu€ToB U3 TaOIHUIB! 2 OBUIH TOCTABJICHBI B CUCTEMY YPaBHCHHUIA:

in-a+nb:Zyi,
;

i

i

Pemenune cucreMbl TMHEHHBIX YpaBHEHHUIH (8) HaéT:

inz'a"‘zxi'bzzxi%?
g g

0.602a + 4b = 7,071,
®

0.5436a + 0.602b = 0.97163.

a =~ —0,20432,b = 1,79850.

Takum 06pa3om, ypaBHEHHE JIMHEAPU30BAHHOTO Tpadrka coraacHo (4) MpUHUMAET BUIL:

y = —0,20432x + 1,79850.

I'paduk muneapuzoBaHHO# 3aBUcHMOcTH Y(X) peacTaBieH Ha puc.3. Janee, cnenys Boipaxxerusm (5) — (7),

ObLTH BEIYMCIIEHBI: KO duimeHt A

A =10 = 10179850 ~ 62,88 (km)

(pakTanbpHas pa3MepHOCTh UCCIEAYEeMOi OeperoBoil TMHUH

D=1-a=1-(-0,20432) = 1,20432 9

noxydeHa ¢popmyia ppakTanbHOI JUTMHEL OeperoBol JIMHUU

L = 62,88 §7020432

(10)
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Puc.3. Jluneapuzoeannwiii 2pagux Y(X).

BoIBOABI M MpakTHYecKasi 3HAYUMOCTh MOJIy-
YEHHOI0 pe3yJabTara..

AHanu3upysl BBINOJHEHHYIO paboTy M pe3yiib-
TaThl IPOBEAEHHBIX PACYETOB MOXKHO CIIENATh CIEYIO-
II1€e BBIBOJBI:

* BrepBble (pakranbHbIi MeTon Denepa npu-
MEHEH JUI pacdéra JUIMHBI OEperoBoil IMHUH peuHo2o
OOEePEKbS;

"  BBISBJIEHO, YTO JUIA PEYHOTO IMOOEPEexXbs Cy-
IIECTBYET MpEeJeIbHOC MHUHHUMAJIBHOE 3HAYEHHUE Omin
pa3Mepa sTYeKy KBaAPaTHOM CETKH, MEHBIIIE KOTOPOTO
(hpakTadpbHOCTh OEperoBoil JMHWM HE HaOIFOJAcTCs.
st pexu Ky6aub Omin= 500 M;

"  mosydyeHa opmyiia ppakTaabHON UIMHBI Oe-
peroBoii TuHUM TpaBoOepexbs peku Kybanu B uepre
ropoza Kpacuozapa L = 62,88 §~020432;

"  BhIYMCIIEHA (paKTajbHas pa3MEpPHOCThH Oepe-
ropoii 3toM aunmu D = 1,20432, 4TrO CBUIETEID-
CTBYET O 3HAYMTENILHOI M3BHIMCTOCTH OEPEeroBoM Jiu-
H1M pexu KyOaHb B KMIIOMETPOBBIX MacHITadax.

Beper pexu KyGanp B uepre KpacHomapa emié
Masio ocBoeH. TOJNBKO B LEHTPAIbHON YacTH ropoja
uMeeTcss yKpelsiéHHas HaOepekHas, OCHAIEHHAs
YIUYHBIM OCBEIIEHHEM, TPOTYapoM M aBTOMOOWILHOM
Joporoii Bronbs Oepera. OcranbHoe MOOEpEXbe peKn
ené nmpeObIBaeT B MEpPBO3AaHHOM Buie. [loaToMy pe-
3ylbTaTHl PAacdY€ToB, MOMYYCHHBIX B JaHHOW pabore,
JIOCTATOYHO aKTyaJbHBI U UMEIOT MPAKTUYECKYIO 3Ha-
YUMOCTb.

3akJloueHue.

[Monstue «pakrany, Bo3HUKIIEE B cepenune 20-
ro BeKa, B HACTOAIIEEe BPEMs HE TOJIBKO IIMPOKO H3-
BECTHO, HO U aKTHBHO NPHUMEHSETCS B Pa3INuHbIX 00-
JIaCTAX YeJOBEYeCKoi nesATensHOCTH. B wacTHOCTH,
ompenereHue GpakTaabHON JIMHBI OCPErOBOM JIMHUH
OKE€aHOB, MOPEH, KpYIHBIX 03EP A1 MHOTUX MOPCKHX
rOCYAapCTB UMEET HE TOJIBKO YKOHOMUYECKOE, HO U I10-
JTUTHYECKOE 3HaUYeHUE. I peqHOTO MOOepekKbs, eCiTH
9TO HE TOTpaHWYHAs peKa, MpodiieMa OIpeIeIeHUs
(¢pakTadbHON UIMHBI OEperoBOW JIMHUHM aKTyalbHa
TOJIBKO JUJIsl KPYIHBIX TOPOJOB, B YEPTE KOTOPHIX PYCIIO
peKa JI0CTaTOYHO U3BWIKCTO. JlaHHas paboTa SBIsIeTCS
TOMY XOPOIIUM HOATBEP)KICHUEM.

BaxHbIil BBIBOJ 00 OrpaHMYCHHOM (ppaKTaibHO-
CTH TPUPOAHBIX OOBEKTOB, BBITEKAIOIINHA U3 BBINOJ-
HEHHOM paboTHI, HEOOXOUMO YUUTHIBATh IPH MOA00-
HBIX BBIUUCIICHUSX. DTO MOXKET IOCITY>KUTh TEMOH JUIS
NadbHEUIINX UCCIIEqOBAHUMN.
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WAVELET ANALYSIS METHODS IN TASKS OF PROCESSING EXPERIMENTAL DATA

Mockoeckuii Cepzeii bopucosuu
O00KmMop usuxo-mamemamuieckux Hayk, npogeccop

Apocnasckuti eocyoapemeenwiii yuusepcumem um. 111 Jlemuoosa

Cepzees Anexcandp Hukonaesuu
cmapwiuii npenodasamens

Apocnasckuii cocyoapemeennsiti yrusepcumem um. I11T. Jlemuoosa

Cuooposa Examepuna Hzopesna
acnupaum,

Apocnasckuii cocyoapemeennsiti yrusepcumem um. I11T. Jlemuoosa

Mapyooe Andpeit Anexceesuu
bakanasp,

Apocnasckuti eocyoapcmeennsitl yrusepcumem um. I1.1. Jlemuoosa

METO/IbI BEUBJIET-AHAJIN3A B 3AJAYAX OBPABOTKH DKCIHEPUMEHTAJIBHBIX
JAHHBIX

Summary: The method of cleaning diffractograms from noise based on wavelet transformation is considered.
A multi-level transformation of the original signal using the Daubeci and Simlet wavelets is used. The efficiency
of using various algorithms for automatically determining the threshold in the MatLab environment has been in-
vestigated. Evaluation of the obtained results is based on comparison of the mean square error of the reconstructed
and the original diffractogram, as well as on their visual comparison. Examples of filtering a diffractograms by the
proposed method are given.

AHHOTanus: PaccMOTpeH MeToT OYMCTKH JUQPPAKTOrpaMM OT IIIyMa Ha OCHOBE BEHUBIIET-TIPeOOpa30BaHUI.
Hcnonp3oBaHo MHOT'OYPOBHEBOC npeo6pa3OBaHHe HUCXOJHOI'O CUI'HajIa C IIOMOIIBIO BEHUBJIETOB I[O6€H.II/I n Cum-
nera. ccienoBana 3(pQeKTHBHOCTD PAa3MYHBIX AITOPUTMOB aBTOMaTHUECKOW TIOPOTOBOM 00pabOTKU KO3 HH-
HUACHTOB Pa3JIOKCHUA B CpCC MatLab. OI_[eHKa MOJYYCHHBIX PE3YJIbTATOB IMPOBOAUTCA HAa OCHOBC CpAaBHCHUSA
CpeIHeKBaIPaTHYECKOM TTOTPELIHOCTH BOCCTAHOBIICHHOM U MCXOIHOM JU(paKTOrpaMMBl, a TaK)Ke Ha OCHOBE BU-
3yaJIbHOTO CPaBHEHHMs YKa3aHHBIX JAudpakTorpamm. [IpuBeeHbl puMepbl GUIBTpALK TUdpakTorpaMmm mpe-

JJaraCMbIM MCTOZIOM.

Key words: wavelet analysis, thresholding, denoising, MatLab, Wavelet Toolbox.
Knoueswvie crosa: eetisnem-ananus, mpeuionounz, wymooyucma, MatLab, Wavelet Toolbox.

IHocTanoBka npo0JieMsbl.

XapakTepHOil 0COOEHHOCTBIO 3371, TPEOYIOIINX
00paboTKN 3HAYUTEITHLHOTO 00beMa JITAaHHBIX, SIBIISTFOTCS
6oJIbIIasi MHOKECTBEHHOCTH COOBITHI M BBICOKHH ypoO-
BEHb IIyMa. B HacTosiIee BpeMs NOsSBUIICS HOBBII Me-
TOJ] GOPBHOBI C II'yMOM Ha OCHOBE QJITOPUTMOB pa3BUBa-
foreiicss Teopun BelBIeToB. OH OCHOBaH Ha MHOTO-
YPOBHEBOM OIHOMEPHOM JUCKPETHOM BEUBJICT-
Ppa3IoKeHUH HCXOAHOTO curHaina 10 N-ro ypoBHs (TiTy-
OWHBI) W TOCIEAYIOIEeH MPOTrpaMMHO-YIIPaBISEeMOI
MIOPOTOBOM 00pabOTKe AETANM3UPYIOMMX KO3 QHIIN-
€HTOB Pa3foxkeHHs. Takoll METOH MOJIyuyusl Ha3BaHUE
tpemmoaauHr (TII).

Tak xkak BeliBier-npeoOpazoBanue o01agaeT
CBOHCTBOM M30BITOYHOCTH, 3TO MO3BOJISIET O€3 MOTepH

nHdopmanmu "orcekars" YaCTUYHO WM IOJIHOCTBHIO
BeliBIeT-K03( GULIMEHTH onpeneaéHHoro yposss. Co-
CTaBISIOIINE NIyMa MEPEHOCATCA Ha BBICOKUX 4acToO-
Tax ¥ HauOoJiee YETKO MPOSBISIIOTCS B KO3 PHULINeH-
Tax JeTalu3alid HIKHHUX YpPOBHEH JEKOMIO3MLUU
curHana. K HuM HeoOX0ANMO NMPUMEHUTH TTOPOTOBYIO
00paboTKy, TakuM 00pa3oM, IPOU3BOJUTCS yAaJICHUE
JOCTAaTOYHO MAJIEHBKUX KO3(QQHUINEHTOB, KOTOPHIE
CUHTAIOTCA IITYMOM.

[Iponenypa ynaneHus nryma BBITOJTHSETCS C HC-
MTOJIb30BAHNEM OPTOTOHAJBHBIX BEHBIETOB M BKITIO-
yaer B ce0s chenyromue oneparmu [1]:

1. BeiiBner-paznoxxeHue curnaia 10 yposss N.
3HaueHue ypoBHs N ompenensercs YaCTOTHBIM CIEK-



= Wschodnioeuropejskie Czasopismo Naukowe (East European Scientific Journal) #4(44), 2019 45

TPOM MH(OPMALMOHHOM YacTH CUTHAJIA, KOTOPYIO XKe-
JaTEIBHO OCTABJIATH B PAAAX allPOKCUMHUPYIOIIUX KO-
3¢ ¢unmenToB. Tum u MOpAIOK BeHBIETa MOKET CYIIIe-
CTBEHHO BJIMATh Ha Ka4eCTBO OYHMCTKH CHTHajla OT
IIyMa B 3aBUCHMOCTH Kak OT ()OpPMBI CHTHAJIOB, TaK U
OT KOPPEJIILIUOHHBIX XapaKTEPUCTHK IIIyMOB.

2. 3anaHuve THIA U IIOPOTOBBIX YPOBHEH OYHCTKU
M0 M3BECTHBIM JJAHHBIM O XapakTepe IIYMOB HJIH II0
OIpe/IeTICHHBIM KPUTEPHSIM IIYMOB BO BXOJHOM CHI-
Hase. [loporoBbie ypOBHM OYHUCTKHM MOTYT OBITH T'MO-
KUMH (B 3aBUCIMOCTH OT HOMEPa yPOBHSI Pa3JI0KEHHs)
WU TII00aIbHBIMU.

3. Moaudukanus Kod3pPUIHEHTOB JeTanu3a-
[IMU BEUBIICT-Pa3/IOKEHNS B COOTBETCTBHH C YCTaHOB-
JICHHBIMH YCJIOBUSIMH OYHCTKH.

250 T T

200

MHTEHCMBHOCT, MMNIC
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2
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2
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25 35
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4. BoccraHoBIIEHHE CUTHAJIa Ha OCHOBE K0 du-
[MEHTOB aNMPOKCUMAalU U MOIUGHUINPOBAHHBIX Je-
TATH3UPYIONTNX KO3 (UITNCHTOB.

IMocne mamHOW 00pabOTKM BOCCTAHOBJICHHBIN
CHTHAJI C BEICOKOH TOYHOCTBIO COOTBETCTBYET CUTHATY
0e3 IIyMOBOW COCTaBISIOMICH, YTO IMO3BOJHT CYIIe-
CTBEHHO YMEHBILIHUTH MOTPEIIHOCTh JIOKAIU3ALHUN TIH-
KOB U 3HAYHUTEJIFHO YIPOIIAEeT AabHEHITNN aHAU3.

3ajayeii HacTosALIEH PaOOTHI SBISETCS YUCICHHOE
UCCIIeJOBAaHNUE BIIMSHUS I1apaMeTpPOB TPEIIONANHra U
CHocO00B MOPOroBO¥ 00PabOTKK Ha KAYECTBO IIYMO-
nojaeieHus. B xauectBe matepuana juis o0paboTku
OBUTH B3ATHI aHHBIE 00pa3uoB mieHok V-O (puc. 1),
momydeHHele Ha guppaktomerpe ARL  X'TRA
(Thermo Scientifique - IlIseitnapust, 2009), Haxoxs-
memcs B LIKIT JIMHC.

24,

Pucynox 1. Jugppaxmoepamma nnenox V-O

JexoMmno3uius CHUTHala  OCYLIECTBISIACH
BetiBneTamu JJo6emu u Cumiiera msITOro mopsijka, Tak
KaK OHM He HCKaXaloT UCXOJHYI0 HMH(OpMaIio, co-
JepxKaiyocs B audpakTtorpaMmMe W HMEIOT MHHH-
MaJIbHbIE 3HAYCHHSI CPEHEKBAIPATHIECKOTO OTKIIOHE-
HUSL. BBIIO IPHUHATO peleHne orpaHuIuTh JEKOMITO3H-
OUI0 5-M YpPOBHEM HCXoAsd U3 Toro, 4ro 95%
nMH(OpMaLK CUTHAJIA COAEPIKUTCSI IMEHHO Ha IEPBBIX
5 ypoBHSIX, 00ecrednBaeTcsi ONTHMAILHOE COOTHOIIIE-
HHE 3aTPauyuBaEMbIX PECYPCOB U BBIIIOJHEHHS MOCTaB-
JICHHBIX TIepe]] HaMH LieJIeH.

AJITOpUTMBI TIOPOTOBOIi 00PadOTKH.

Bcero 65110 paccMOTPEHO TPH ANTOPUTMA, HPEA-
CTaBJICHHBIX B makeTe pacmupenus Wavelet Toolbox
KommbioTepHOit cucteMsl MATLAB.

Adaroputm THI-1. TTepBslit 1 camMBIif TPOCTON U3
HHUX — 3TO IPUMEHEHUE MapaMeTPOB M0 YMOIYAHUIO.
Ota npouenypa peanusyercs ciIedyoUMH QYHKIH-
smu [2]:

[thr, sorh, keepapp]=ddencmp('den’, 'wv', s);
[sd, cd, Id, pO, pl2]=wdencmp(‘gbl’, s, wname, N, thr,
sorh, keepapp).

IepBast 3agaeT mapaMeTpsl IO YMOITIAHHIO:

— rob6anpHEIH mopor thr = V2InL-E,rne L —
JUTMHA curHana, E — ypoBeHb miyma;

— anmpokcumupymoompe  Kod(hGHUIHUCHTH  He
noasepratorcst TLI (keepapp=1);

—  «MATKHY» TOpOroBeIid MeTo (SOrh='"s").

Bropasi, ucmnonb3ysi MOJy4eHHbIE MapaMeTphl,
MIPOM3BOJIUT OYKMCTKY CHIHAJA 3a/laHHBIM BEHBIIETOM
(mepemenHast wname).

Aaroputm THI-2. CrexyronmM OBLI paccMOT-
peH aJropuTM OIpe/eseHUs] Hopora Mo CTpaTeruu
Bbupre-Maccapta [3]. Ero npumeneHue cBouTcs K 0T-
OpachlBaHHMIO Ha i-OM ypoBHE BceX K0d(QuIMeHTOB,
KpoMme Nj caMmbIx Oonpmmx. VX ymcio ompenensiercs

BbIPA’KCHUEM!
m

“G+z-0e @)
TJIe ] — YPOBEHB PA3JIOKCHUSI, M M ¢ TAPAMETPBIL.
B MATLAB onepanus BBIMUCIEHHS 1I0POTa U M0-

cleAyrome 00paboTku uMeeT BHT [2]:

[c, I]=wavedec(s, N, wname);

[thr, nkeep]=wdcbm(c, I, alpha, m);

[sd, cd, Id, pO, pl2]=wdencmp('lvd’, s, wname, N, thr,

sorh).

n;
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Hawmnyudmiero pesysibrara yaaercss J0OUTbCS TPU
MPUMEHEHUHN «MATKOT'0» TIOPOTOBOTO METO/Ia 1 3HaUe-
Husx mapametpos a=1,5, m=2L(1) (L(1) — uncmo xo3¢-
(DUIIEHTOB Ha TIEPBOM YPOBHE Pa3I0KEHHUS).

Aaroputm TII-3. Eme oxwH BapmaHT o00pa-
OOTKHM HCIIOTB3YeT aJalTUBHBINA IIOPOT, KOTOPHIN 3a/1a-
ércst myTéM BBIOOpa KpHTEpHUs OICHKH R B KadecTBe
KOTOPBIX UCTIOJB3YIOTCS [4]:

— rigrsure — amanTHBHBIA MOPOT, HCIHONB3YIO-
it npuHiun llteiina HecMemEHHON OLEHKH pUCKa
[51;

— sgtwolog — mopor, aHaJOrMYHBINA HCIONIb3Yye-
MOMY I10 YMOTYaHHUIO;

— heursure — sBprcTHYECKHI BapHAHT TIOPOTa;

—  minimaxi — MHHIMAaKCHBIi TIOpOT.

Pemaromas mporpamMmHas (QyHKIHS anropuTMa
UMeeT BUI:
sd=wden(s, R, sorh, scal, N, wname)

Iepemennas scal ompeaenser Tum mepemaciira-
OGupoBaHus 1IIyMa, KOTOPOE MPUMEHSAETCS B CIIydae OT-
KJIOHEHHSI €r0 CTPYKTYpPhI OT Mozenau "Oeiaoro" B MH-
TepBaje
[0, 1]. [TapameTp MeeT cleAyIonre TEKCTOBBIEC 3HAYE-
HUA:

— ‘one’ — 0e3 MacIITaOMPOBAHUS;

— ‘sln‘—mepemacmTabupoBaHUE C UCTIOIB30Ba-
HUEM eIMHCTBEHHOU OIICHKH YPOBHS IITyMa Ha OCHOBa-
HUH KO3 QHUIUEHTOB pa3I0KEeHUS TIEPBOTO YPOBHS;

—  ‘mln’ — mepemMacmTabNpPOBaHUE C WCIIONB30-
BaHUEM OIICHOK YPOBHSI IITyMa, 3aBHUCAIINX OT YPOBHSL.

W3 Bcex kpurepues R B anropurme TIII-3, Hanbo-
Jiee TTOIXOIAIINM JUT HaIlel 3a1a4n OKa3ajacsd MUHH-
MakcHBIH. Jlorapupmudeckuii KpuTepuii MpaKTHIECKU
MIOJTHOCTBIO aHAJOTHYEH TOMY, YTO HCIIOJIB3YETCS 10
yMmomuaHuo. Kputepun sBpuctudeckuil u ‘rigrsure’
JUISL HAIIETO CUTHAJIa He UMEIOT Pa3Nuduii, U Jar0T pe-
3yNIBTaT TOpazgo Oosee 3allyMIICHHBIH, YeM TpH HC-
M0JIb30BaHUM MUHHUMAaKCHOTO. YTo Kacaercsi Tuna Ie-
peMaciuTadupoBaHus IIyMa, ONTUMAaJIbHBIM PElIeHHEM
Oyner ucmonk3oBaTh SIn-nepemaciitabupoBaHue, Tak
Kak MIN uckakaeT HCXoaHyto HOpPMY MHUKOB, a Pe3yiib-
Tar 00pabOTKM 0e3 NMPUMEHEHUS MacUITaOupOBaHUS
SIBJISIETCSI CIIMIIKOM 3aIIyMJICHHBIM.

AHaau3 pe3yabTaToB 00padoTKH.

U3 Bcex paccMOTpeHHBIX CIocoO0B BEIOOpa IMO-
pora, HanOosee MOAXOIAIINM [UIS Hallel 3a1a4n OKa-
3aJIcsl AJITOPUTM aJAalTUBHOTO TPEUIOJIAWHTA C MUHH-
MaKCHBIM KPHUTEPHEM OIEHKH U HCIIOJIb30BAHUEM IIe-
peMaciTabupoBaHus nryma Ha OCHOBE
K03()(hUIIMEHTOB MEepBOro ypoBHs pasnoxeHus. O0pa-
00TKa C UCIIOJIH30BAaHHEM ITOTO HOPOTa MO3BOJIUIIA U3-
0aBUTHCS OT OoJbLICH YacTH IIymMa 0e3 o0pazoBaHus
JIMLITHUX U3TUOOB U UCKAXKEHHS (POPMBI ITHKOB.

Teneps npoaHanM3UpyeM OTIHYHS PE3YJIHTATOB
obpabotku BeiBeramu Jobemn u Cumiera. OOmas
KapTHHA HE MMEET CYLIECTBEHHBIX Pa3IMYIHA, HO MPHU
YBEIMUYECHUH (pUC. 2) CTAHOBHUTCS ICHO, YTO HCIIOJIB30-
BaHwue BeiiBnera JloOemn mydme coxpanser Gpopmy IH-
KOB, 9TO MOJKET CKa3aThCsS HAa KOPPEKTHOM OIIpeJerie-
HUH MakCHMYMOB.

Th, /e

PnTencums

Pucynox 2. @opma nuxoe nocie obpabomku eetigiemamu JJobewu (crnesa)
u Cumnema (cnpasa), aneopumm TLI-3, R=minimaxi, macuwmabupoganue wyma sin

Ha puc. 3 mpezacTaBiieHa BOCCTAHOBIIEHHAs JU(paKTOrpaMMa MOCJIe OYUCTKH OT IIyMOBOM COCTABIISIOIIEH.
CpaBHUBasI €€ C HCXOJHOM, MOXKHO clieslaTh BBIBOJ, 4TO oOpaboTrka mo meroxy TIH mo3Boimna m30aBUTHCS OT
Ooutbieit yacTH mrymMa 6e3 0Opa3oBaHus JIMITHAX U3THO0B U UCKAXKEHHS (POPMBI TUKOB.

250 1

200

HHTEHCHBHOCTE, MMN/C

100

g

5 15 25 s

Pucynox 3. JJluppaxmoepamma naenox V-O nocie oopabomku
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3aknoueHnne.

[IpoBeneno uccienoBanue 3GGHEKTHBHOCTH Pa3-
JWYHBIX AJTOPUTMOB aBTOMATHYECKOTO ONPEIEIICHUS
nopora Juisl yJalleHus! IIyMa ¢ JudpakrorpaMm MeTo-
oM Tpemonauara. CpaBHEHHE KadecTBa (GUIBTpaIH
Ka)KJJOT0 M3 HAX I10Ka3aJI0, YTO aITOPUTM aJalITHBHOTO
TPEIIOJANHTAa C MHUHMMAaKCHBIM KPHUTEPHUEM OIICHKH
NPOSBIISIET ceOs JTy4llle OCTaNbHBIX IPH 00paboTKe 1IH-
(pakTorpamm.

BeiiBneT-punbTpanus, Kak COBPEMEHHAas METO-
JIMKa KOMITBIOTEPHOW 00pabOTKM JaHHBIX, MO3BOJIMIIA
YMEHBIIHUTh BIUSHUAE BBICOKOYACTOTHOTO IIyMa M He-
OJTHOPOJIHO (POHOBOM MHTEHCHBHOCTH Ha (OpMY JIH-
(hpakKIMOHHBIX MAaKCHMYMOB, TIOJIyYEHHBIX OT TOHKHX
wiéHok V-O. Takoil moaxox 3HAYUTENBHO YIIPOIIAST
JAIBHEHINI aHaMn3 TUPaKTOTpaMM U CYIIECTBEHHO
TIOBBIIIAET TOYHOCTH OTIPEIETICHUS XapaKTEPUCTHK HC-
CJIETyEeMBIX TUIEHOK.
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HEOBXOJINMOE YCJIIOBHUE 9KCTPEMYMA IIEPBOI'O 1 BTOPOI'O ITIOPAJKOB B
JIOKAJIBHO BBIITYKJIOM ITPOCTPAHCTBE

Sadygov Misraddin Allahverdi oglu
Doctor of Physikal and Mathematical Sciences, Professor
Baku State University

NECESSARY CONDITION OF AN EXTREMUM OF THE FIRST AND SECOND ORDER IN A
LOCALLY CONVEX SPACE

AnHoTanust: B pabote ycTaHOBIIEHBI HEOOXOAUMBIE YCIOBHS IKCTPEMYMA [IEPBOTO U BTOPOTO TIOPSIIKOB 15l
HETJIAJIKUX 3KCTPEMAJIBHBIX 3a/1a4 IPU HAJIUINU OFpaHI/I‘IeHHﬁ B JIOKaJIbHO BBINTYKJIOM IPOCTPAHCTBE. B nuneii-
HoM mpoctpancTse onpenenersl S—(B,8) u S— (o, B, v, 8, ®) TOKATBHO IUNIIMIEBEE OTOOPAKEHUS B TOUKE
u ucnonssys knace S—(0(),0) u S—(a, B, v,0,0()) noxansro numuHIEBBIE 0TOGPaXKEHUS B TOUKE, MO-

JIYYCHBI H€06XO,IlI/IMBIe YCia0BuUA 3KCTpEMYMaA IIPU HAJITUINHU OFpaHquHHP'I.
Abstract: The necessary first and second-order extremum conditions are obtained for nonsmooth extremal

problems with constraints in a locally convex space. In a linear space S—(f3,8) and S— (., B, v, 5, ) locally
Lipschitz mappings at a point are defined and using the classes S— (0(j3),d) and S— (a3, v, 5,0(B)) locally

Lipschitz mappings at a point, necessary conditions of the extremum are received for extreme problems in the
presence of restrictions.
Kniouegvle crnosa: cyorunetnas Qpyukyus, munuuyesas Qyukyus, omoob-pasicenue, 10KANIbHbIIL MUHUMYM.
Key words: sublinear function, Lipschitz function, map, local minimum.

1. BcnoMararesibHbl€ pe3yJibTaThbl
Iycts X u Y BeKTOpHbIE NPOCTPAHCTBA, |X|1 X>R |y|2 1Y > R nonoxu-tensHo 0JHOPOAHBIE

HEOTpHIATE bHbIE (YHKIMK (HAPUMEp, HOPMBI MK TTOyHOpMbI B X 1 Y COOTBETCTBEHHO).

Hycts Cc X, F:X—>Y, S:X->Y, f: X->R, ¢o:X—>R,a>0,v>0,>av,d>0u

0:R, >R _,rze |im@=0, R+:[O,+OO).HOJ'IO)KI/IM B={ZEXZ|Z| Sl}.
* ot 1

Oro6paxenne F nazosem S—(a,B,V,5, 0(B)) noKanbHO TUMIIKLEBLIM OTHOCH-TEIBHO MAPbI (|x|1,|y|2)

¢ nocrosiHHoi K B Touke X € X , €CIIN F YAOBJIETBOPACT YCJIOBUIO

[F(X +X+2)—F(X +X) -S(x +2) +S(x)|, < K|z

—ov

frav B
1 ) + 0(|X|l)

N

x|1 +z
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npu X,Z € X, |X|1 <9, |Z|l <O[1],[2]. Ecnu 0(t) =0, o orobpaxenne F nasosem S—(a,fB,v,8) no-
KaJIbHO JIMTIIMIEBBIM OTHOCUTENBHO TIaphl (|X|1, |y|2) ¢ moctostunoi K B Touke X . Ecmn o(t) =0 u S(X) =0
, To oTobpakenue F nasosem (o, B,V,8) no-kanbHO MuMIHMIEBHIM ¢ MOcTOsTHHOH K B Touke X OTHOCHTENHHO
Taph (|x|1,|y|2).

Janee cunraem, uto S(0)=0 u @(0) =0 (ecnu S(0) #0, to cnemyer paccmoT-pets dyHKIMIO
§(X) =S(X) —S(0)) u ecru F(X) =f(X), To cumuraem, uto S(X) = @(X) . Ecnu cymectsyer bynkius

.ot
0:R, >R, ,rze Illir;n¥ =0 raxkas, uto

[F(X +x) = F(x) -S()|, <o(x].)
npu X € X, |X|1 <3, 1.e. X € 6B, 10 orobpaxkenue F: X —Y nazosem S—(0(P),d) noxanbho mummu-

LIEBBIM B TOUKE X OTHOCHTENBHO Haphl (|X|1, |y|2) .
Ecmn cymectsyer ¢pynkuus 00 R, — R, rze |j£ﬂ$ =0 rakas, aro F(X + X) —F(X) - o(X) < O(|X|f)

npu X € X, |X|1 <9, To dpyuxumio f Hazosem @ — (0(B),8) nokanbHO BEpXHEH MOy -THIIIIMLEBOH B TOUKE
X OTHOCHTENBHO |X|1.

PaccMOTpUM BaKHBIH clyuail BBEJICHHBIX OTpeieNennii. Bynem cuuTath, uto S = Sl + Sz +-- +Sn , TIe
S; : X — Y nonoxurensHo onHopoHbiii crenenn | onepatop, a =@, +@, +---+@,, rie ¢;: X >R
TIOJIOKHUTETFHO OHOPOIHAS cTenenn | dynkmms, J=1,2,...,N.

IMycrs X u Y otaemumeie nokanbo emykisie npoctpanctsa, CC X u X, € C. Kacarensusv xomy-
com k C B TouKe X, Ha3bpIBaeTCsl MHOXeECTBO (CM.[3]), cocTosimee U3 BCeX BEKTOPOB L € X Takux, 4o A
kaxoit okpectHoctn V' Bektopa U B X Haitnytes okpectnocts U Touku X, 8 X uuucno € >0 taxue,
aro (X +tV)(NC = npu Xx e UNC u t € (0,€) . Kacarensumiii konyc k muoxkectsy C B rouke X, € C
o6o3Hauaetcs uepes | (XO) .

Otmerum, 4TO Tc (Xo) = lim inf %(C—X), rie X Xg & X—=>X, U XE C. Tlonoxum

X—c Xg, 40
Nc(Xo) = Te (X)) ={peX" Z<p, X> <0 mpu XeT.(X,)}.Ecnu C X Brimyknoe mHO)ecTBO, TO
C-x
T.(x,)=cl on & (em.[4]).

Ilycts CcX, X, eC. Bektop U € X Ha3bIBaeTCsl TMIIEPKACATEILHOH K MHOMXKEC-TBY C B Touke
X, € C, ecu maiinyres oxpectnocts U touxn X, oxpectnocts V' Bextopa L u umcno € > 0 Taxue, uro
UNC+(0,g)V < C. Muoxectso Bcex runepka-catensubix k muoxkectsy C Brouke X, € C o6osnauaercs
yepes |C(X0) ([3, c.267)).

ycrs X -6anaxoso npocrpanctso. Ecmu C C X srimyxioe muoxkectso, iNt C# O u Xy € C, o m

. int C—X,
npeanoxenns 4.1.6[4] umeem, uto int T.(X,) = U - Kpowme Toro u3 nemmsi ([5], ¢.95) crenyer, 4to
A>

Ic (XO) memycro. Torxa u3 Teopemsr 2.4.8[5,¢.59] crenyer, uro Nt Tc (XO) = IC (Xo)'

Ecru Cc X  Bemykioe MHOXECTBO U XOEC, TO IOJIOKUM TC(X0)=C|SC(XO),r;1e

(c.[4, €.167]). O6osrasn C =int C U{X,}, S.(%,) = C ; X,
A>0

C—X,

Sc (Xo) :xgo
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Ormetnm, uto ecin X HopmupoBanHoe npoctpanctso, Nt C = u C Bemykioe muoxectBO, TO MO

npemioxenuo 4.1.7[4, ¢.170] umeem Tc (Xo) = C|S6 (Xo) . Ecin X oTaenuMoe J0KaibHO BBITYKIOE MPCTPaH-

ctBo, iNt C# & n C srimykioe MuokecTBo, T0 13 Teopems 5.2.1([6],¢.447) crenyer, uto TC (XO) = C|S(~: (XO)

ycrs Cc X u X, € C . Bextop X Ha3bIBaeTCs BO3MOYXHBIM HampaplieHneM MHoxkectBa C B Touke X,
, ©CJIA HAWIYTCS OKPECTHOCTh U rtouku X, nyucno o, > 0 rtakue, uto Z+ aX € C gus mo6oro ze COU
uoe (0, OLO] . COBOKYITHOCTH BCEX BO3MOXKHBIX HalpasieHuil B Touke X, MHOxectBa C 06o3Haunm gepes
H(%,;C) [31.

Hycrs Cc X n X, € C . Bextop X Ha3wIBaeTCs IONMYCTHMBIM HampapieHHeM MHOxectBa C B Touke
X, , eciy Haijerca Takoe uucno O, > 0 ,uto X, +0X € C g mroboro O € (0, OLO] . COBOKYIHOCTb BCEX
JOIyCTHMBIX HalpaBleHui B Touke X, MHoxectBa C 06o3HaumM uepes y(XO;C) .

Teopema 1.1[7]. Ecru X u Y mpoctpanctea ®peme, C C X Brimykioe MHOXecTBO u intC=0,
fi :C—>R, i=1...,K, emyxiusie nenpepsBusie ¢pyuxiun, A X —> Y uenpepbiBHbIi THHCHHBIH OlTe-
patop, AX =AX+Y, Y€ Y,ImA=Y ucucrema f (X) <0, i=1...,k, AX =0 ue umeer pemenus
B C, 1o cymecrsytor uncna A, >0,...,A, >0 usexrop Y € Y e pasubie Hy/I0 OHOBPEMEHHO H TaKHe,
4TO _Zkikifi(X) + <y",Ax> >0 mpu XeC.

iz

Teopema 1.2[7]. Iycrts X mmmeiinoro mnpoctparcteo, C C X Bemykaoe muoxectBo, C# O,
fi :C—oR, i=1...,k, BBIMYKJIbIC (DYHKI[UHM U CHCTEMa fi (X) <0, i =1..., K, ne nmeer pelienus B

C. Torma cymectsytor uncia A, >0,...,A, >0 He paBHbe HyT0O OIHOBPEMEHHO H Takue, 4TO

XeT, Ax+y=0  0<i<m

K
Z?\,ifi (X) =0 npu scex X € C. Monoxum g(y,a)= inf  max(p,(X)+a,).
i=1

Jemma 1.1[8]. Tlyere X wu Y  oTaeimMble  JOKaIbHO — BBIMYKIbIE  NPOCTPAHCTBA,
e(x,a) = max(g;(x) +a;), rae @, : X — R cy6nuneiinie nenpepsisabie dynxumm npu 1 €{0,1,...,m}
0<i<m

, A:X =Y nuHeiliHBI HenmpepbIBHBIN CIOPHEKTUBHBIH oOmepaTop, | BBIMYKIbIH 3aMKHYTHIH KOHYC,

intTNKerA=J u r(L]_élX(pi(X)ZO mpu X eint TN KerA =< . Torna (y*,b) € 69(0,0) 5 Tom u

m
* * m
TONBKO B TOM crydae, korma cymectsyior O, =0, Z(Xi =1 rakue, wro — A’y € >0,00,(0)+ N u
i=0 i=0

b= (OLO,(Xl,. . .,OLm). W3 nemwmer 1.1 cnenyer, uto
89(0,0) ={(y" Ao, Ay Ay ) A 20, 34, =1, p, €0, (0), X" €N,
i=0
y ey, %kipi + X"+ Ay =0}
Jdemma 1.2[7]. Tiycts X u Y ornennmsle jokansHo Bhimykibie npoctpanctsa, A1 X — Y nuneiinsiit

HenpepsiBHblii oneparop, INA =Y, @, : X = R cy6Guuneiinbie Hen-pepbiBHble QyHKIMY IPK iel, T semyx-

nbiii 3amknyThii konyc, INETOKErA # . Tornasamaua  inf ~ max (@,(X) +8,) umeer pemenue B Tom u
XeT, Ax+y=0 0<i<m

TOJIBKO B TOM CJIy4a€, KOTAa CYIECTBYIOT 3JICMEHTEI ZI € dom(p*, Z; € (KerA)l u Z; e N=T" takue, uro
* * * * * -1 * _ _
Z,+2,+2, =0 n h;(Z)ON (-Y)NP8(25) # B, e 9(X) = max@,(x) ., ,(X) = max (,(x) +4,).
2. Heob6xonumoe yc10BHe B TEPMHUHAX BepXHeil annmpoKCHMAIMH

Tycrs X orgemamoe nokanbHo seimykioe npoctpanctso, T, : X > R, ie1={01,...,m}, Cc X, |X|

-II0JIOXKHUTENILHO OJHOPOIHAS HEOTpHLATEIbHAS (QyHKINS.
Paccmorpum 3agauy

f,(z) > min, zeP={xeX:f,(x)<0,i=1...,m, XeC}@.1)
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Touka X, € P nasbiBaetcst TOUKO# JTOKAIBHOTO MHHHMYMa fo ua P, ecim cymectsyer oxpectrocts U
Touku X, Taxoe, uro To(X,) < fy(X) mpu x ePNU.

Teopema 2.1. Ecnu X oTaenmmoe JIOKaIbHO BBITYKIOE MPOCTPAHCTBO, X, - TOUKA JOKAILHOTO MUHUMYMa
B3aznade (2.1), pynkuns fi YAOBJIETBOPSET (P; — (0(1), 8) JIOKAJbHO BEPXHEH MOTYIUMIIUIEBY YCIOBHIO B TOUKE
X, OTHOCUTEIBHO |X|, rae @, . X —> R cy6nuneitnpie menpepsiBusie Gpynxmuu mpu | € |, fj (Xo) =0 mpu

JjeJ, Cc X , 10 cymecTBYIOT OHOBPEMEHHO He PaBHbIE Hymo OL, = 0, o, = 0,...,OLm >0 Ttakue, uro

S 0,p,(x) 2 0 mpn X € He(X,).
i=0

HokazarenbcrBo. [Tokaxem, uto cucrema (X) <0, (0} (x)<0, ..., (% (X) < 0 ne umeer pemenus
Ha H¢(X,). Tpeanonoxum nporusroe. Iycts cymectayer X € He(X,) Taxas, uto @,(X) <O npu i €| . To
YCIOBHIO ()yHKIIHS fi YZIOBJIETBOPSET (P, — (0(1), 8) JIOKaJIbHO BEPXHEH MOy THIIIIULEBY YCIOBUIO B TOUKE X,
OTHOCHTEIIBHO |X|, rae | € |. Torma umeewm, uro T, (X, +tX) —f,(X,) - ¢, (tX) SO(|t)_(|) mpu teR, |tX| <9,

iel.

= - = . )
Tostomy nmeem, aro T, (X, + tX) —f,(X,) < to, (X) +O(t|X|) mpu te[O,A ] uiel e, = H pH
X
|Y| #0, A, nonoxurensHoe wucno mpu |)_(| =0. CrenosarensHo, cymectsyer uucno A, >0 rakoe, uro
(X, +1X) —f,(x;) <0, f,(x, +tX) <0, jeJ npn te(0,A,]. Mo ycnosmo X € He(X,) . Torna cyme-
cteyer V, > 0 Taxoe, uro X, +tX € C mpu t €[0,v,].
Tak kak X, - TouKa JIOKJILHOTO MHHUMyMa B 3aja4e (2.1), To nomydnm npotnsopeune. [loatomy cncrema
0, (X) <0, 0, (X) <0, ..., ¢, (X) <O ne nmeer pemenns na Hc (X,) . [To Teopeme 1.2 cymecTsyror o1-
m
nospemenno ne pasueie nymo o, >0, o, 20,...,0, >0 rakue, uro Zoci(pi (X) =0 npu x e H-(X,)
i=0
Teopema J0Ka3aHa.

Caencreue 2.1. Ecin X 0T/€1MMOe JIOKaNbHO BBIMYKJIOE HPOCTPAHCTRO, X, - TOUKa JIOKaJIbHOI'O MHHH-
MyMa B 3azgaue (2.1), hyHkuus fi YIOBJIETBOPSET (P; — (0(1), 5) JIOKaJIbHO BEPXHEH MOJIYJIUNIIUILIEBY YCIOBUIO
B TOYKE X, OTHOCHUTCIILHO |X|, roe lel, 0, X—>R cyOnuHelHbIe HempepbiBHbIE QYHKIMU Tipu | € I,

fj(XO):O mpu jelJ, CcX nu |C(X0)¢@, TO CYIIECTBYIOT OJHOBPEMEHHO HE paBHBIC HYIIIO

m
a,200a,20,...,0a, 20 raue, uto Z(xi(pi(x) >0 mpu X e T(X,).
0
JokazareabcrBo. Ilo  Teopeme 2.1  CymIeCTBYIOT — OJHOBPEMEHHO  HE  DaBHBIE  HYJIO

o, 20, a,20,...,a, >0 rakue, uro Z()Li(pi (X) =0 npu x € H(X,) - U3 cen-cteus 5.2[3, ¢.268] cite-

i=0

ayer, uto CIHC(Xo) = Te(Xo) - Tak kax @, : X — R nenpepoisusie pynxuuu npu i € I, 1o Zoti(pi (x)>0

i=0
npu X € Tc (Xo)-
CriencrBre 10Ka3aHo. AHAIOTHYHO TeopeMe 2.1 Toka3bIBaeTCs CIeyIoIias TeopemMa.

Teopema 2.2. Ecmu X oTmenuMoe TOKaIbHO BHITYKIOE HPOCTPAHCTBO, X, -TOUYKa JOKaIbHOIO MUHUMYMa
B3amaue (2.1), pyHkuums fi YIOBJIETBOPSIET (P, — (O(l), 5) JIOKaJIbHO BEPXHEH MONTYIUINIIULEBY YCIOBHIO B TOUKE
X, OTHOCHUTEIBHO |X|, re 1€, (2N X—>R cy6mnuHeitHEIe HenpephiBHEbIe GyHKIME mpu | € |, fj (XO) =0
pu j €J, C Buoykioe MHOKECTBO, TO CYLIECTBYIOT OJHOBPEMEHHO HE paBHBIE  HYIIO

a,200a,20,...,0a, 20 raue, uto ZOLi(pi(X)ZO mpu X € T.(X,).
0
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HokazarenbcTBo. [Tokaxem, uro cucrema @, (x)<0, (0} x)<0, ..., (2% (X) <0 ue umeer pemrenns
Ha S¢(X,). Mpeanonoxum npotusroe. [Tycts cymectayer X € S (X,) Taxas, uto @,(X) <O npu i€ l. Tlo
yenosuto Gynxuus T, ynosnersopser ¢, —(0(1), 8) nokanbro Bepxueii noymunuMIEBy yCIoBHIO B Touke X,
OTHOCHTEJb-HO |X|, rae 1€ l. Torma umeem, uro f; (X, +tX) —f;(X,) - ¢, (tX) SO(|tY|) npn teR, [tX] <3,

i €l . Tlostomy umeem, uro T, (X, + tX) —f,(X,) < to, (X) +O(t|i|) mpu te[0O,A]uiel , rme A =2

X

npu |Y| #0, A, nonoxurenbHOe UKCIO IpH |)_(| = 0. Cnenosarensho, cymectsyer uncno A, >0 Taxoe, ato

C—X,

, TO Cy-

fo (X, + ) —f,(x;) <0, f,(x, +1X) <0, jeJ nmpu te(0,A,]. Eeu X €S (X,) = U
r>0
C-x

mecteyer A, >0 Takoe, uto X € 1. e X+ AX €C. Mo npemmowenmio 4.1.2 [4, ¢.169] Sc(X,)

0

- t t -
BBIITYKJIOE MHOXKeCTBO. [Tostomy X, + X = (1— }\‘—)X0 +— (X0 + 7\,OX) eC mpu te [0,2,].
0 0

Tak kak X, -Touka JOKaJIbHOrO MMHMMYyMa B 3aj1a4e (2.1), To mony4um npotu-sopeune. [lostomy cucrema

0,(X) <0, 0,(X) <0, ..., @, (X) <0 ne umeer pemenns na Sc(X,). [To Teopeme 1.2 cymecTByioT 01I-

m
HOBPEMCHHO He paBHbIC HymO O =0, o, 20, ,...,0,, =20 Takue, uro Z:oti(pi (X) >0 mpu X eS(X,) .
i=0

m
Tak kak , : X — R nenpepssasie Gpynxmm npu | € |, To Zai(pi (X)>0 mpu X € C|SC (Xo) = TC (XO).
0
Teopema nokasaHa.
W3 cnenctBus 2.1 m Teopembl 2.2 MOIyYWM, YTO TOYKA HYIb MHUHHMHU3HPYET BBINYKIYIO (YHKIHIO

ZOLi(pi (xX)+ 8Tc(><o) (x) B X. Tax KaK 0B+, (0) =N, (x,). TO uMeeM
iz0

0c a(gaicpi ()48, ) (X))o = gaiacpi (0)+ N, (x,).

3ameuanne 2.1. V3 nokasarenscrsa crenctsus 2.1 u Teopembl 2.2 umeem, uto Max @;(X) >0 npu
0<i<m
Xe |C(X0) nXe SC (Xo) coOTBeTCTBEHHO. [ToaToMy (I)‘Dig.)nS(pi (X)>0 npu X € TC (XO).

Iycts X n Y - oTmenuMble JNOKAJbHO BHITYKIbIE MPOCTPAHCTBA, fi X—=>R, iel :{O,L...,m},
A: X =Y muneitnsii onepatop, CC X, Y eY.

Paccmotpum 3anauy

f,(z) > min, z e{XeXZfi(X) <0,i=1....m Ax+y=0, xeC} (2.2)

Teopema 2.3. Ecniu X u Y oTaennmble JOKaIbHO BBITYKIbIE IPOCTPAHCTBA, X, “TOUKA JOKATEHOTO MUHH-

mywma B 3anade (2.2), byuxuus . ynosnersopser @, —(0(1),d) nokansHo BepxHeit MOTyMNIIHIEBY YCTOBHIO

B TOYKE X, OTHOCHUTEIHHO |X|, iel, ¢;: X— R nonoxurensHo 0HOPOHBIE HENPEPbIBHbIE (YHKIMH TIPH

iel, f(x,)=0 mpn jeJ, A:X—>Y mneitnpii onepatop, Cc< X, 10 max ¢, (X)>0 mupu
X €vc(Xo) N KerA.

Jokasateanetso. [Tokakem, uto cuctema @, (X) <0, ¢,(X) <0, ..., @_(X) <O ne nmeer pemenus

Ha X €Y, (XO) M KerA. [pexnonoxum npotusHoe. IlycTs cymectByer X € YC(XO) (N KerA rakas, uro

®,(X) <0 npu iel. To ycnosuto dynxuus f, ynosnersopser @, —(0(1),5) noxansro Bepxmeit nomysmun-

HIUICBY YCJI0BHUIO B TOYKEC X OTHOCHUTCIIBHO |X|, rae le I . TOFI[a HUMCEEM, 4To

0

. (X, +tX) —T.(X,) - 9, (tX) SO(|'[Y|) mpu  teR, |'[Y| <8, iel. Tiosromy wumeem, uTO
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. (X, +tX) —T,(X,) < to, (X) +O(t|)_(|) mpu te[O,A]Juiel ,rme = % npu |i| #0, A, nonoxurens-

HO€ YKCIIO [PH |Y| =0.

CrenoBatensho, cymectyer uncio A, >0 Ttaxoe, wrofy(X, +1X) —f (x;) <0, f (x,+1X) <0,
jeJ mpu te(0,2,]. Mosromy fy (X, +1X) —F(X,) <0, f(x,+1X) <0, jeJ, A(X,+tX)+y=0
mpu te (0, 7\,2] . To ycnosuro X € Ye (Xo) ﬂ KerA . Torna CYLIECTBYET V, > O, riue 7\,2 > V;, TaKkoe, 4To
Xy, +tXeC npu t€[0,v,].

Tax kak X, - TOYKa JIOKaIbHOTO MHHHMyMa B 3agade (2.2), TO NONYYHM HPOTHBOPEYHE, T.€. CHCTEMa
0, (X) <0, 0,(xX)<0, ..., @, (X) <0 ne nmeer pemenns Ha yc(X,) N KerA. Tosromy max;(X) >0

iel
mpu X € ¥ (X,) N KerA . Teopema noxasana.

Teopema 2.4. Ecorm X n Y mpoctpanctsa ®peme, X, -ToUKa JOKaILHOrO MUHAMYMa B 3a1a4e (2.2), pyHK-
wns T, ynosnersopser @, —(0(1), 5) nokanbHo BepxHeil NOMYIMNIIMIEBY YCIOBHUIO B TOUKE X, OTHOCHTENBHO
|X|, rme iel, @ :X—>R cybnuneiinsie nenpepssrbe Qpynkmun npu 1€ |, fj (X,)=0 mpu jel,
A 1 X — Y nuneiinsiii nenpepsiusiii oneparop, INA=Y, Cc X u int H.(X,) # 3, 10 cymectayior ox-
Hopemenno  me  pasueie  Hymo O, >0,0,>0,...,a, >0 u Yy €Y' rakme, uro

m *
> oo, (X) + <y ,AX> >0 mpu X € He(X,).
i=0

Joxka3areabcTBo. Tak Kak Hc (XO) CYe (Xo) , TO U3 JOKa3aTeNbCTBA TEOPEMBI 2.3 CIIeAyeT, 4TO CHCTEMA
0, (X) <0, @,(X) <0, ..., ¢, (X) <0, AX=0 ne nmeer pemenns na X € H.(X,). Toraa no teopeme
1.1 cymectByior ommoBpemenno He pasmbie mymo O, 20,0, 20,...,0, 20 u Yy €Y’ takue, uro
m
> oL, (X) + <y*,AX> >0 npu X € He(X,). Teopema noxasana.
i=0

Mycts X 1 Y - cueTHO-GaHAXOBBI POCTPAHCTBA TOTIOJIOTMH, KOTOPBIX 321aK0TCs CEMEICTBOM HampaBIIeH-
HBIX HOPM {X —>||x||i}ieN,{y—>||y||j}jeN COOTBETCTBEHHO, ||X||k E{]HL}ieN, ||y|s E{]|-||j}jeN . Uepes Xk 0603Ha-

yuM mpocTpaHcTBO X ¢ HOpMOif ”X

. » & depes YS 0603HaunM TIpocTpanctBo Y ¢ HOPMOif ||y||s Iycts
f:X—>R,icl={01...m} F:X>Y, CcX,
PaccmoTpum 3anauy
f,(z) > min, ze{xeX:f(x)<0,i=1...,m, F(X)=0, xeC}. (2.3)

Ecmu X, -ToYKa JIOKaTbHOrO MUHUMYMa B 3aj1a4e (2.3), TO CylIecTByeT Xk TaKoe, 4To X -ABJISAETCSA TOUKON

JIOKJIBHOTO MUHHMYMa B 3a/1a4e (2.3) OTHOCHUTENBHO Xk' Takxe cuuTaem, 4TO MPOCTPAHCTBO YS TaKkoe, 4To

omepatop F:X, =Y, crporo mudpdepenmipyem B Touke X, u F (X )X=VY. Tonoxum
|X|l = ”X”k, |y|2 = ||y||s Jnst mpocToTh ”X”k 0003HaYNM Yepe3 ”X” ,a ||y

sepes [y].

IIycts |C (Xo) (TC (Xo) ) MHOJKECTBO BCEX THIIepKacaTelbHbIX (KacaTenbHbix) K MHOXKecTBy C B Touke
X, € C ornocurensno X, u N (X)) = To (X,) B X, .

Teopema 2.5. Ecru X u Y cueTHO-6aHAaXOBBI MPOCTPAHCTBA, X, -TOYKa JIOKAJIbLHOrO MUHUMYMa B 3a/1aue
(2.3) orocurensho X, , B X, dyHkums fi YIOBJIETBOPSET (P, — (0(2), 8) noxaneHO BepxHeit MOTYTMMIIAIIEBY
YCJIOBHIO B TOYKE X, T/1€e iel, (O Xk —->R cyOnMHeHbIe HEeTIpephIBHBIC (QYHKITUHU MTPU iel, fj (XO) =0
mpn  jeJ, omepatop F: X, —Y, crporo mubpdepermmpyem B Toure Xo, F(X)X=Y, CcX,

Ic (X 0) # OTHOCHUTEJILHO Xk , TO CYILIECTBYIOT OJHOBPEMEHHO HE paBHbIe HYJIIO

0,20, 0a,20,...,a,20uy €Y, raxue, uro Zai(pi(x)+<y*,F'(Xo)X> >0 mpu X € T.(X,) .
-0

S
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Jlokazareaberso. O6ozHaunm A = F'(XO). IMoxaxem, uto cucrema @, (x)<0, 0, (x)<0,
(0% (X) <0, AX=0ue umeer pemenus Ha Ic(xo) . Ipennonoxum mnporuBHoe. IlycTh cymecTByer
X €l:(X,) raxas, uro @,(X) <O mpn i el u AX=0. Takkax AX =F'(X,)X=0 u F(X,)X=Y, 10
( )

1o Teopeme Jlroctepunkal9,c.33] cymectayer € > 0 u otoGpasenue I [0,e] » X Takue, uto —= — 0 1pu

tl0wu F(X, + tX+r(t)) =0 npu t € [0, €]. Io ycnosuto dynxumsa f, ynosrersopser @, — (0(1), d) ro-
KaTlbHO  BEpXHeHl  MONyMMN-IHMIeBYy — ycioBuio B Touke X,, nae le€l. Torma wnmeem

£, (X, + X+ 1(1)) = f; (X,) - @; (X + () <o([tX +r(t)]) npn t[0,€], [tK+r(t)| <8, iel . Tak xax

npu

o

cpi(m@)—(pm <

1
(¢, HenpepsiBHas Gyukmus, o cymectsyer 0 < §, < 58 TaKoe, YTO

r(t)

r(t)

<9, u i € l. Torna nomyunm, uto @, (X + ())< (p(X) t‘SSOHiEI .TaKKaKLtt)—)O

npu { 30, 10 cymectsyer A ,tae 0 <A <1, Taxoe, ato QH <8, npu t € (O,A]. Torna ”ti + I’(t)” <0 npu

te[O,A], rue A, = mln{k

HO3TOMy HNMECEM, 4qTo

f.(x, + X+ 1() — F. (X,) <05 to, (%) + o(t||x + % (D)) <05 te,(X) +0(t(|] + 3,)) mpu t €[0,1,] u
iel . Crenosarensmo, cymectsyer wmcio A, >0 maxoe, wro f (X, +tX+r(t))—f,(x,) <0,
f.(x, +&X+r(1)<0, jeJ, F(X, +tX+r(t)) =0 npu t € (0,A,]. Ecru X € 1.(X,), To mo onpenerne-
mmo | (X,) cymecrsyer o, >0 takoe, uto X, +tX+r(t) € C npu t€[0,0,].

Tak xak X, - TOUKa JIOKaJIbHOTO MUHMMYMa B 3aja4de (2.3), To nmony4yum npotu-popeune. [loaromy cucrema
(O (X) <0 , (pl(X) <0, ..., (3% (X) <0, AX= 0 ne umeer pelieHus Ha |C(X0) . ITo Teopeme 1.1 cyme-
cTByloT onHoBpemenno we pasupe mymo O, 20,0, >0,...,0, 20 u Yy €Y' rakue, uro
g o, (X) + <y*, F'(XO)X> >0 npu X € 1.(X,) . Tak kax @, : X — R nenpepsiupie dynxmn npu i € |
i=0
u A= F'(XO) JUHENHBIA HENpephIBHBIA omeparop, To 1o Teopeme 2.4.8[5, c¢.59] wumeem, uro
m £
2 0 (X) + (Y, F'(%)X) = 0 mpu X € cll¢(Xo) = Te(Xo)-
i=

Teopema nokaszana.

Caencreue 2.2. Ecru X u Y cueTHO-6aHaxoBBl NPOCTpaHCTBa, X, ~TOYKA JOKAILHOTO MUHAMYMa B 3a-
naue (2.3) ornocurensuo X, , B X, QyHKuus fi YZIOBIETBOPSET (P, — (0(2), ) noxaneHo BepxHeit Moy HII-
WIMUEBY ycloBuIO B Touke X, rae | € I, @, : X, & R cy6nuneiinbie HenpepsisHble QyHKUMK TPH iel,
f.(X,)=0 npn jeJ, oneparop F: X, — Y, crporo midpdeperumpyem B touxe X, u F(x,)X=Y, C
Boimykinoe Muoxkectso, Nt C#(J ornocurensHo X, TO CyMECTBYIOT OZHOBPEMEHHO HE PABHBIE HYIIIO

* * m *
0,20,0,20,...,0, 20wy €Y, rakue,uro > o, (X) + <y ,F'(XO)X> >0 mpu X e T(X,).
i=0
CnpaBeuIBOCTb ciecTBUS 2.2 ciieyeT U3 TeopeMsbl 2.5. 13 reopemsl 2.5 u ciiepctsus 2.2 UMeeM, 4To TOUYKa

m
HYJIb MUHIMHU3UPYET BBITYKITYIO (QYHKITHIIO Z()Li(pi (X) + <y*, F’(XO)X> + 8T¢ (%) (X) B X . [TooToMy momyuum
i=0

0c a(iaicpi () + (Y, FO)X) + 81y 00,0 = 20@ (0) +F(x,)'y" +Ne(X,).
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3ameyanme 2.2. U3 nokazatenbcTBa  TeopeMbl 2.5 UMEEM,  4TO maxao. (X)ZO npu
O<ism

xel.(X,)NKerF(x,). Mosromy ecmu int T (X,)KerF(x,)#<, to orcioma crenyer, uro
max o, (X) >0 mpu X € T.(X,) N KerF(x,).

3. Heo6xoammoe yciioBue BTOPOTO MOPSAIKA
IMycrs X oTaennMoe IoKanbHO BEITyKIoe mpoctpanctso, C C X, X, € C.

PaccMoTpum 3a/1auy
f,(X) = min, f,(x)<0,j=12,....,m xeC (3.1)
rae fj X—>R, jel={01,...,m}, CcX. IMonoxxum
H={xeX:@(X)<0,i=01...m, xel.(X,)}, 9.(X)= gﬁ(cp?(x) +a;)+ +8;_,(X), e
a=(a,,a,,...,a,)R™.
Teopema 3.1. Ecim X 0Tae1MMOE OKATBHO BBITYKIOE MPOCTPAHCTBO, X - TOUKA JOKAILHOTO MUHUMYMa
B samwe (3.1), f,(X,)=0 mpu iel={01...m}, oymawm f, iel, ynosrersopsror

(pi1+(pi2 —(0(2),8) mnokansHO BepxHeMy MOIYIMIIMLEBY YCIOBHIO B TOYKE X, OTHOCHUTEIBHO |X|,

(pi1 : X = R cy6nuneiinbie nenpeprisubie dynxmmu npu 1 € 1, ([)i2 : X = R nonoxurensueie ogHOpo/HbIE
crenenn 2 ¢dynxuuu u yaosneropsior (1,2,1,8,0(2)) (wm (L, w,1,8), rne p >1) nokansHo nummmmesy

YCJIOBHIO C IIOCTOAHHON K B TOUKe HYIb OTHOCUTEILHO |X| mpu i €l, 09,(0) % nmpu aeR™, CcX u
I.(X,) =D, 10
E(h) = sup{éxi(pf(h) 1A, >0, é’“i =1, goxipi +X =0, p, €0¢(0), X" € Ne(X,)}=0 rpu
h e HU{0}.

Hoxazareaserso. [ycrs t>0,t, >0, t, >0. Tax kax @ : X —>R ynosrersopser (1,2,1,8,0(2))
JOKAIbHO — JIMIMIIMIEBY  YCIOBUIO ¢ MOCTOSHHOW K B TOYKE Hylb OTHOCHTEIHHO |X|, TO
‘(Pi2 (tX, +,%,) — ¢ (tlxl)‘ < Kt2|X2|(t2|X2| + t1|X1|) + 0(t12|X1|2)

mpu X, X, € X, t1|X1| <9, t2|X2| <0 . Hosromy ‘(piz(tx)‘ < Kt2|X|2 npu t|X| <9, iel. o ycnosuio
nonyam, uto (X, + tX) < LX) + 02 (tX) + o(t[X|*) < tot(x) + Kt2|X|* +o(t?x[*)

mpu X € X, t|X| <38 u iel Mo crencrauio 5.2[3, ¢.268] umeem, uto Cl 1-(X,) =T.(X,). Torna u3
3ameuanus 2.1 ciemyer, uto 522%( (p% (X) =0 npu X € T.(X,). ycrs heH.

PaccmoTpum 3anauy

max(e;(x) + 7 (h)) —>inf, x e Tc(X,).

0<i<m

IMonoxum a; = (piz(h) , g(a) = inf max((pi (X) +a,). U3 nemmer 1.1 cnexyer, uro b e2g(0) B tom

XeTc (Xp) 0<i<m

m
H  TONBKO B TOM  ciyuae, KOIJla  CYIIECTBYIOT o, >0, Z:()Li =1 TaKwue, 91O
0
m
1
Oe i%oci@(pi (0) + Nc(Xp), b=(og,0, - 0,). Iostomy

09(0) ={ (o, Ay 1) 220, 24, =1 P, €0¢i(0), X €Ne(X,), ZAp,+x" =0},
o Teopeme Xepmarmepa (cm.[10]) mmeem, uro (@)= Sup (gkiai). Tak xak 0Q(0) =< npu
redg(0) =0

acR™, 10  cymectsyer  Touxa x=&Mh), e xeT.(X,) Takas, ~ 4TO

g(@) = _inf  max(el(x) +a,) = max(ei(&(h)) + oF (M) = sup (3ra,) =

xeTe (Xg) 0O<i<m reog(0) i=0
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=sup{>Ara, A, =0, A, =1, p, €5 (0), X" € Ne(X,), AP, + X* =0},
i=0 i=0 i=0

Mosrowy E(h) = 9(0° (M) = max(e! (5() + ¢ () = sup{E: 07 (h) 2, O,

0<i<m

£2=1 P, €00(0), X" €Ne(xg), B2p, +X" = 0h e ¢7() = (@), 0} (h)..... g5 ().

Io yenosuo nveenm, ato f; (X, + th + t?€) — f; (X, ) — @i (th + t°€) — ¢ (th + t?€) < o(t*|h + t§|2)

mpn  te[0,t,],rre  t, =min{l, m}.TaK kak  bymkmmn @7 0 X —> R ynosnersopsior
(1,2,1,0,0(2)) noxansHO TUMIIKIEBY YCIOBHIO ¢ OCTOSHHOM K B TOUKE HYJb OTHOCHTEHHO |X| mpu i €, o
f,(Xo + th+t%€) — f;(X,) < @i (th + °€) + ¢ (th + t%€) — ¢ (th) + ¢ (th) + o(t*|h + t§|2) <
< @t (th) + ¢} (t2) + o(t?h + tgf*) + KE2[e|(th| + t|g) + o(t2]h|) + p? (th) < t2E(E) + t2p2 (h) + 0, (t?)

mpn te[0,t,], tme 2250 mpm t4 0. Tonowms F(X)=maxf(X) mmeem, uro

t 0<i<m
f(x, +th+1t%€) = gn_axfi (X, +th+1t%) <t? gnax((p,l(g) +7(h)) +0,(t*) npu te[0,t,].
<i<m <i<m
Tak kak N € 1.(X,), To no onpenenenmo 1.(X,) cymecrsyer o, >0 raxoe, uto X, +th+t°¢C
npu te [0, ao] .
Ecnn nonyeruts, uto E(h) <0, 1o nmeem f(X, +th+1t°€) <0 npu mamsix t > 0.Tax kax X, -Touxa

JIOKaJbHOTO MUHUMYMa B 3ajaue (3.1), To mosyduM npoTUBOpEUHe.
Teopema oxasana. Ionoxnv H ={X € X:¢;(X) <0,i=0.1,...m, x € H.(X,)}.

Teopema 3.2. Eciu X oTmenuMoe J0KaibHO BBITYKJIOE HPOCTPAHCTBO, X o - TOYKA JIOKAJIbHOI'O MUHUMYyMa
B samaue (3.1), T,(X,) =0 npu iel, pymxunn f , i €l, yrosrersopsior @ + @7 —(0(2),8) noxambuo
BEPXHEMY IIOJIJIAIILIAIEBY YCIOBUIO B TOYKE X ) OTHOCHTEIBHO |X|, @ : X = R cybmuneitnpie nenpeprsabie

; 2.
dyskuwnn npu 1€ 1, @7 1 X — R Bemykisie nonoxurensusie oaHoponsle crenenn 2 byHKIMHE U yI0BITe-

teopsitor (1,2,1,3,0(2)) (umm (L, u,1,8), rae 1 > 1) nokansHo numumieBy ycnosmio ¢ noctosiauoit K B Touke

HyJIb OTHOCHTENBHO |X| mpu iel, Cc X, 1o rOnaX(p,l(x) >0 npuX € Ho(X,) n cymectsyior ommospe-
<i<m

MenHo He pasnbie Hymo O >0, o, >0,...,0,, >0 raxue, uro E‘,OL-(pil(X) >0 u gai(piz (X)=>0 mpu
i=0 i=0

xeH.

Jlokasareascrso. [Tycts £ >0, t; >0, t, > 0. Tak xax (pi2 : X— R ynosnersopser (1,2,1,5,0(2)) 7no-
KaJIbHO HI/IHH_H/IHeBy yCHOBI/I}O C HOCTOHHHOﬁ K B TOYKE HYJIb OTHOCHUTCJIBHO |X|, TO

2
‘(pf(t1x1+t2x2) —(piz(tlxl)‘ <KX, |(t X + X)) +O(t]|%,[ ) mpr %X, € X, t]x,[<85,
t2|X2| <. Tlostomy ‘(plz (tx)‘ < Kt2|x|2 npu t|X| <8, iel. Tlo ycnoBmo uMeeM, UTO
2 2 2

f. (X, + 1X) < @; (tX) + @7 (tX) + o(t?[X| ") < tep(x) + Kt?[X|” +o(t?|x|")

mpu X € X, t|X| <0 u iel. Torma us nokasarenbcTBa TeopeMsl 2.1 clemyeT, 4To CHCTeMa (p%) (x)<0,

1(x) <0, ..., ¢. (X) <0 ne nmeer pemenns Ha H (X,). Mosromy En_achil(x) >0 mpu X € H.(X,)
<i<m
Tokaxem, uto cuctema @y (X) +@3(X) <0, @H(X)+@>(X) <0, ..., ¢k (X)+ @2 (X) <0 He umeer pe-

menns Ha H. TIpenmonoxum mportusnoe. Ilycth cymectByer X € H Takas, uto (p%) (7)+(p(2)(i) <0,

P (X)+ 2 (X) <0, ..., o (X)+@2(X)<0. Io ycnosmio pynxuus f, yrosrersopser @f + ¢ —(0(2),5)
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JIOKAJIBHO BEPXHEH MOJYIHMILIHULEBY YCIOBHIO B TOYKE X, OTHOCHTEIBHO |X|, rae i€ l. Torna umeem, uro
- - - 2
£, (% + %) =, (%) - 9} (%) — 9 (%) < 0(t*[X]")
npu teR, |tY| <3, iel .Mosromy mumeem, uro f; (X, +1X)—F,(X,) < '[(pil()_() + '[z(piz X)+ O(t2|7|2)
mpu te[O,A]uiel e 7‘1:%
X

Takkax X € H, 10 X € Ho(X,) ucymectsyior Iy < 1w I, 1, rae I, UL =1, raxue, uto ¢} (X) =0

npu |)_(| # 0, A, nonoxurensHoe uncmno npu |)_(| =0.

mpu i€l, u (p% (X)<0 mpu iel,. Mostomy (pi2 (X)<0 mpu iel, Io ycrosuo momydnm, uTO
f. (X, + %) — T, (X,) < toF(X) + @7 (X) + o(t2|X|2) pu te[O,A ] iel; "
f. (X, + %) =, (x,) < t?0?(X) + O(t2|Y|2) npu t €[0,A,],i € |,,. Cienosarensho, cymectsyer uucio A, >0
Taxoe, uto T,(X, +tX) —f,(X,) <0, fJ.(X0 +tX) <0, jel

mpu t€(0,A,]. Tax kax X € Ho(X,) , To cymectsyer Vo >0, e vy <A, , takoe, uto X, +tXeC
mpu t€[0,v,].

Tak kak X, -TOUKa JOKaIbHOTO MUHMMyMa B 3aade (3.1), To nomyunm nporn-sopeune. [loatomy cucrema
@6 (X) +@5(X) <0, oH(X) +9>(X) <0, ..., ¢~ (X) + 9% (X) < 0 He nmeeT pemennus Ha H .o Teopeme 1.2

cymectByloT  onHoBpemenHo ~He  pasmse Hymo O, >0,0, 20,...,a, =20  rakme, uro

gai((pil(x) +¢7(X)) =0 npu X € H . Tak kax H KOHYC, TO HMEEM, 4TO g(xi(pil(x) >0u gai(piz (x)=0
i=0 i=0 i=0

npu X € H.
Teopema nokaszana.
—_— o — ga— m T
Ecm cymecrsyer touka X € H taxas, uro @1 (X) <0, ..., - (X) <0 u Yoy (X) >0 npu X € H
i=0
U BBITIOJIHSIOTCA YCJIOBUS TeopeMsl 3.2, To Oly > O, o, = 0, e, = 0.

Hycts X u Y -cueTHO-GaHaxoBbl MPOCTPAHCTBA, TOTOJIOTHA KOTOPHIX 3a/1al0TCS CEMEHCTBOM HAIPABJIEH-
HBIX HOPM {X - ||X||i}ieN’ {y - ||y||j}jeN cootserctBenno, F 1 X — Y oToOpakeHue,

Ml €l kens M e{”.”j}jeN -Yepes X, oGosnaunm mpoctpanctso X ¢ nopmoii |[X > auepes Y, obosna-

S

YUM NpOCTpaHCcTBO Y ¢ HOPMO ||y||s

o(

[ycTs Bk(O,S):{XEXZ”X”k <&, 0:R, >R, rze Itich;nTt):O’ 0(0)=0u0:R, >R,, e

+1
|ti£g @ =0, 0(0) =0.0ro6paxenne F masosem S—(a, B,v,8,0(B)) nokanbHO NUMIIMIEBBIM OTHOCH-

TEIBbHO Iapsbl (||x||k,||y||s) ¢ mocrosnnoii K B Touke Xe€X, ecnm F  ynoemeropser ycrnosuio

\% —ov M
IF(X +x+2) = F(X +X) -S(x +2) +S(X)|, < K]z ( x||i +|z], = )+ o(||x||E) mpn X,Z € B, (0,5)

(em.[2]). Ecmn S(X) =0, 1o otobpaxenne F masosem (o, B,v,9, O(B)) JIOKAJIBHO JIMIIIULEBBIM C IIOCTOSIH-

Ho#t K B Touke X OTHOCHTENBHO Taphi (||x||k,||y||s) .Ecmn 0(t) =0 u S(X) =0, 1o orobpaxenne F masoem

(at, B, v, 8) JIOKQIBHO JIMIIIALEBBIM ¢ OCTOSIHHOM K B Touke X OTHOCHTENIBHO Mapbl (”X”k, ||y||s) .

.ot
Ecim  cymectByer  QyHkmus O R Mg R 4+, The Igm% =0, 0(0) =0 Takas, wurO

||F()_( +X) — F(X) - S(X)”S < O(”X”E) npu X € B, (0,9) , 10 oro6paxenne F: X —Y nasosem S—(0(),9)

JIOKAJIbHO JIMIIIHLEBBIM B TOYKE X OTHOCHTENIBHO Maphl (”X”k, ||y||s) .
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o(t)

Ecom  cymectsyer  ¢yukums  0:R, >R, e Itif;nT =0, 0(0)=0 rtakas, w0

fX+X) —F(X)-p(x) < 0(||X||E) npu X € B, (0,3) , To pynxumio f nazosem @ — (0(3),8) noxansuo epx-
Hel NOJIYJIUNIINLEBON B TOUKE X OTHOCHTEIIFHO ||X||k .

PaccmoTpum 3anauy

f,(X) > min, f(x)<0, j=12,...,m, F(x)=0,xeC (3.2)

rae fj X—>R, jel={01,...,m}, F:X—Y oneparop, Cc X.

Ilycts |C (XO) (Tc (Xo) ) MHOJKECTBO BCEX IHIIepKacaTelbHbIX (kacaTenbHbIX) K MHOXKecTBY C B Touke
X, € C ornocurensno X, nmyers N (X,) =T:(X,) B X, .

Tonoxum Ax =F'(x,)X, H={xeX:g/(X)<0,i=01,...m, AX=0, X l.(X,)},
Oy (X) = rggizga%(((pﬁ(x) +a,)+ S ormicy) (X), rze (@,y) eR™ xY, a=(ay,a,,..-,8,)-

Teopema 3.3. Ecniu X u Y cueTHO-GaHaXOBbI IPOCTPAHCTBA, X - TOYKA JIOKAIBHOTO MHHAMYMA B 3a7a4€e
B2)s X, f,(X,) =0 npuiel, bynxum f , i €|, ynosnersopsior ¢} + ¢’ —(0(2),8) noxansro Bepx-
HEMy HOyJIMIIIHIEBY YCIOBUIO B TOUKE X, OTHOCHTEIHHO HOPMBI ||||k, (pil : X = R cybauneiinsie Hernpe-

peiBHBIE GyHKIEH npu | € |, (pi2 : X = R mnonoxwutensHbie 0HOPOIHBIC CTETICHH 2 (yHKIMHU ¥ YIOBIETBO-

paor (L, ,1,0), rme w>1, (wm (1,2,1,8,0(2)) ) noxansho nummmnesy ycnoBuio ¢ noctosuHoi K B Touke
uys npr | € | oTHOCHTETBHO HOPMBI ””k, otobpaxenne F: X, — Y, crporo nuddepenuupyemo B Touke X,

, F'(XO)(X) =Y u F ynosnersopser F'(XO)X +S(x) — (0(2),0) nokansHO MUNIIKILEBY YCIOBHIO B TOUKE

X, OTHOCUTEJIBHO Napkl (””k ) ””S) . S X — Y, I0I0KHTEIbHBII OXHOPOIHBIN CTCIICHH 2 omepatop u yj0-

sersopser (1, .1, 8) (wm (1,2,1,5, 6(2))) JIOKaJILHO JIMMIIHULEBY YCIOBHIO ¢ MOCTOssHHON K B Touke HyIlb

OTHOCHUTENIEHO  TIApBI (””k : ””S) . 09,,0)=F 8 X, mpu (a,y)eR™xY, CcX u
lc(Xo) NKerA =, e Ax =F'(x,)X, TO

E(n) = sup{3 2,02 () + (Y, (M) 2, 20, 1, =1, p, € 36}(0),

X" eN.(Xp), Y € Y*,_gokipi + Ay +Xx =0}>0 npu h e HU{0}.
i=

Joxa3zareancrso. ITycts t2>0, t, > 0, t, = 0.Tax xak ([)i2 :X—>R ynosnersopser (1, u,1,8) no-
KaIBHO  JIMMOIIMIEBY  YCIOBHIO ¢  TOCTOsHHOM K B TOYKe HyJNb  OTHOCHTENBHO ||||k , TO
‘(piz (L% +t,X,) — @F (tlxl)‘ < Kt2||x2||k(t§‘1||x2||*kl_l +||tlx1||i_1) mpu X, X, € X, X[ <8, t,[x,[, <8
. IToaTomy ‘(pl2 (tx)‘ < Kt“”x”l:(L npu t”X”k <93, iel,rne pu>1. Mo ycnosuro pynxiuu fi, i €1, ynosnerso-
psroT (pil —I—(pi2 —(0(2),0) noxamsHO MOTYAMMIIM-TIEBY yCTOBHIO B Touke X, OTHOCHTENBHO ””k ITosTomy
(X, + tX) < ¢} (1X) + @2 (tX) + o(t2[X[) < @r(tx) + KX} +o(t?|x[[) mpr xeX, tx]| <8 u

i el Takkak S: X — Y ymosnersopser (1, 1,1,8) noxansro mummmmesy ycnosmio ¢ noctosHHoM K B TOUKe

HyIIB OTHOCHTEBHO maps1 (DR rie p>1, 10
IS(t%; +1,%,) =S(tx,)], < KXo (7oL +tx i) mon X, %, €X,  txy), <8,
t,[X, |, < 8. Hosromy [[S(tX)||, < Kt*|x[\" npu x € X, t|x], <.

W3 mepaencta [[F(X, + tx) — F(Xy) — F'(X,)tx = S(tx)|, < o(t2||x||i) mpu xeX, tfx|, <8
mmeent, uto [F(X, +tX) — F/(X,)tx — F(X,)], < Kt*|x]} +o(t’|x]) mpn X € X, t|x]|, <8. Toraa u3 sa-

MedaHus 2.2 clefyer, 4To ronax (0} (X) >0 npu X € Tc (Xo) N KerA. Mycts h e H.
<I<m
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Paccmorpum 3agauy

max((p.l(x)+(p?(h))—>inf , XeT.(X,), AX+S(h)=0.
Tonoxum @, =@; (h), y=S(h) u g(y,a) = max((p, (X)+4a,). U3 nemmsi 1.1 crenyer,

xeTe (x ) /\x+y—0 0<izm
ato (Y*,b) € 69(0,0) B Tom u ToMBKO B TOM Ciyuae, korma cymectsyror O; =0, Z(Xi =1 rakue, uro
0
-ANy' e éaia(pil(O) + Nc(X,) u b=(0,0,...,0,)- TosTomy
09(0.0) ={(Y' hp Ao 1)t 2 20, 30, =1, p, €060), X € N (X,),
i0
y eY, ikipi +X + Ay =0}

Mo Teopeme Xepmanaepa (cm.[10]) umeem, uro g(y a) = Sup (<y y> + 27\,

(¥" 1)<g(0,0) i=0
Tax kak 8g;‘avy) (0) =D npu (a, y) eR™x Y, 1o cymectayer touka X =§E(h), rme X € T (X ),
AX+S(h) =0 raxas, uto g(y,a)= inf max((pI x)+a,) = max((pI (&(h)) +¢?(h)) =

XeTe (Xg), AX+y=0 0<i<

= sup (<y*,y>+_§xiai):sup{<y*,y>+_zxiai:kizo, S =1,
(y*,2)edy(0,0) i=0 i=0 i=0

P, €0}(0), X" e NG (X,),y € Y*, D Ap,+X + Ay =0},
i-0
[HoaToMy

E(h) = g(S(h). ¢* (h)) = max(! (&(n)) + 7 (h)) = sup{(y" () + 3207 () 2, >0,

g7‘i =1 p, €09;(0), X" € Nc(Xo), Yy € Y7, g7‘ipi +X + Ay =0},
i=0 i=0
re ([)2 (h) = ((pé (h),([)f (h),.. .,(przn (h)), Ag(h)+S(h)=0. Tax xak F ynosnersopsier

F'(X,)X+S(X)—(0(2),8) noxaneso smummmueBy ycioBmio B TOuKe X, OTHOCHTENBHO Maphi HOPMbI
(Mo 1) - 7o [F(x, + th+ ) = F(x,) — A(th + t°€) = S(th + t°€)| < o(|th + tZZ;||2)
mpu t€[0,t], re t, = min{l, HhHwH&le} Tostomy m3 cootromenns AN =0 u AE+S(h) =0
nveen, uro ||[F(X, +th +1t°€) —F(x,) +S(th) —S(th + t°€)|, < o(|th + t2F,||k)
npu t €[0,t,]. Orciona mmeem, uro [F(x, +th +t%8)| <[S(th +1%€) — S(th)], +o([th + t%¢]) <
<Keg], (th], " +[°g] )+ offth + ) =o,(t)

mpu t€[0,1,], rae 0,(t)

— 0 mpu t 4 0. Mo teopeme Jocreprmka [9, ¢.33] cymectsyior I R, —»X
w ancio M > Oraxwe, uro F(X, +th +t?E+r(t)) =0 u ||I‘(t)||k < mHF(XO +th+ tzéu =0,(t*) mpu
te[0,t,], rme r(t) = x(x, +th + t*€), 0,(t)=mo,(t), OZT(t) —0 npu t 0.

Taxoke HMeEeM, 4TO CYLIECTBYET YUCJIO t1 >0, riae tl < to , TaKoe, 4TO

f.(X, + th+ 7€ + (1)) — f,(X,) — o} (th + 1?6 + 1()) — ¢ (th + °€ + r()) < o([th + t°€ + r(t)||i)
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npu t €[0,t,]. o ycnosmio @) (X) cy6muneiinas nenpepsisnas dymkuus B X, . Tora cymecTByer 4ncio
. 1 . 1
C > 0 rakoe, uro ‘(p}(X)‘ < C”X”k npu X € X u 1 € |. Tlooromy |!H)1 t—z(pll(r(t)) = |!£E] (pll(t—2 r(t)) =0, re.

0y

(t)—)Oant~L0.

@i (r(t)) =0,4(t*) . rre "
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Orcroga cnenyer, 4To

f (X, +th+t’€ +r(t)) — f,(X,) < @;(th + t’€ + r(t)) + @ (th + t’€ + r(t)) — ¢ (th) +
+@2(th) +o(fth + &+ r(t)])) <o (th) + ¢ (%) + 9} (r(1)) + o([th + & + (D)) +
+ K[t +r ()] (th]i +[te + r(t)”*k“l) +@2(th) < 2t () + t2p2 (h) + 0,(t?)

0,(t
mpu  te[0,t], rme %—)0 mpu t1 0. Tonoxus f(x)=gn_axfi (X) wumeem, urO

f(x, +th+tE+r(t)) = (T-@),.ﬁfi (X, +th+tE+r(t)) <t (I;I;I_il?n(((pil(ﬁ) +@’(h)) +0,(t?)

pu te[o, tl]. Tak xaxk h € |C(X0), TO IO OIpPEIEIECHUIO |C(XO) cyuiectByer O >0 rakoe, uro

X, +th+1t°€ +r(t) e C mpu t€[0,a,].

Ecm nonycruts, uto E(h) <0, o nveem f(X, +th +1t%& +r(t)) <0 npu mamex t > 0. Tak kax X,

- TOYKa JIOKAJTbHOTO MHHUMYMa B 3a1a4e (3.2), TO MOJyYHM IPOTUBOPEUHE.

TeopeMa JOKa3aHa.

3ambikanue muoxkectsa H B X, oGosnaunm uepes clH. Eeu H# O, 1o TIPH yCIOBUHU TEOpPEeMHI 3.3
mmeem, uto CIH ={x e X: ¢;(x)<0,i=01...m, F(X,)x=0, X € T.(X,)}.

Mostomy ecn H # &, h — E(h) nenpepsieuas yuxims 8 CIH u Bhmonmsiores ycmosus Teopemsr

33,70 E(h)>0 npu heclH.
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ON THE CORE OF THE BASIC GROUPS OF A ONE-DIMENSIONAL EQUATION SYSTEM OF
TWO-SPEED HYDRODYNAMICS WITH ONE PRESSURE

AnHoTanus: HaiineHo sapo ocHoBHBIX rpymi JIu mpeo6pazoBaHuii 0THOMEPHOI CHCTEMBI YpaBHEHUH IBYX-
CKOPOCTHBIX CpeJl C OJHUM JaBJICHUEM C HCIIOIB30BaHUEM METO/0B TeopuH rpymnm u anredp JIu. OHu ocHOBaHEI
Ha U3y4YE€HUH MHBapUaHTHOCTHU N (epeHInalbHBIX YPaBHEHUH OTHOCUTENILHO OJJTHOTO M3 apaMmeTpoB rpymit JIu
TOYEYHBIX NMPEeoOpa3oBaHUI U CUCTEMATHUECKH YHU(PHUIUPYET M PACIIMPSIET XOPOIIO U3BECTHBIE CIIEIUAIbHbIC
METOJIBI JUIsl TIOCTPOCHHS SIBHBIX pelieHud Juist quddepeHInanbHbIX ypaBHEHHH, 0COOCHHO IS HEIMHEHHBIX
ypaBHeHI/Iﬁ C YaCTHbIMU NPOU3BOJIHBIMU.

B nmanHO# paboTe Ha OCHOBE MeTOJIa TPYIIIIOBOTO aHANIM3a HAMIEHO Sap0 OCHOBHEIX rpymil JIu mpeobpaso-
BaHMI OHHOMepHOﬁ CHCTCMbI ypaBHeHI/Iﬁ HBYXCKOPOCTHOﬁ THUAPOJUHAMUKU C paBHOBECUCM (1)&3 10 JaBJICHUIO.

Summary: The core of the basic Lie groups of transformations of a one-dimensional system of equations of
two-speed one-pressure media using the methods of the theory of groups and Lie algebras is found. They are based
on the study of the invariance of differential equations with respect to one of the parameters of the Lie groups of
point transformations and systematically unifies and extends well-known special methods for constructing explicit
solutions for differential equations, especially for nonlinear partial differential equations.

In this paper, based on the group analysis method, the core of the main Lie groups of transformations of a
one-dimensional system of equations of two-velocity hydrodynamics with pressure equilibrium phases is found.

Kniouegvle cnosa. 08yXCKOpoCmuas 2uOPOOUHAMUKA, UHBAPUAHMbBL OUDDepeHyuanbHbiX onepamopos,
uHeapuaHmusvle cpynnsl, UHeAPUAHMbL dﬂ266pbl ﬂu, uHeapuanmmvle pewerHus, 4acmuinHo UHBAPUAHMHblE
peuternusl.

Key words: two-speed hydrodynamics, invariants of differential operators, invariant groups, Lie algebra in-
variants, invariant solutions, partially invariant solutions.

Beenenne

HenuueiiHBIMM ypaBHEHUSIMH ONUCBIBAIOTCS Pas3-
JIMYHBIE SBOJIIOLMOHHBIC SIBIICHHS B Pa3IMYHBIX 00a-
CTSAX HAYKH M TEXHUKH. B ncciaenoBanuy 3TUX SABJICHUN
HMEET NIEPBOCTENIEHHOE 3HAaUEHHUE IIOCTPOEHUE TOUHBIX
pemennid. OTBICKaHWE TaKUX PEUICHWH MpEeACTaBIIeT
co0o#i BechMa TpyAHOpa3pemumMyto 3anaqdy. [Ipu atom
MOCTPOEHBI TOYHBIE PELIEHUSI TOJIBKO AJISl 0COOBIX CIIy-
yaeB. TeM He MeHee, B TIOCIIeTHUE oIkl ObUIN MPEIo-
JKEHBI Pa3IMYHbIE CIIOCOOBI PEIICHHS 3TUX THUIIOB He-

JIUHEWHBIX IBOJIOIMOHHBIX YPAaBHCHHH, BKIIOYas OU-
JTUHEeWHOW MeTo 1 XUpOTHI [ 1], MeTo 00paTHOM 3a1a4u
paccestHus [2], ucmosib30BaHue mpeoOpa3oBanus bok-
nmyHza [3] wnn npeobpazoBanus HapOy [4], yceaeHHOe
pasnoxxenue Ilennese [S], METOI TPYNIIOBOTO aHAJIN3a
[6-12], meTox Gamanca [13], BapUalMOHHBIA METO[
nrepanwii [14], u momyoOpartHsiii meton [15].

Metoa TpyNIIOBOTO aHajdW3a WIPacT BAXKHYIO
POJIb B IIOKCKE PELICHUN ISl HEJTMHEHHBIX TuddepeH-
OUANBHBIX ypaBHeHHUA. OH OCHOBaH Ha M3yYCHUU HH-
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BapUaHTHOCTH AU PepeHINaNbHBIX YPABHEHUH OTHO-
CHUTEJIBHO OJHOTO U3 IapaMeTpoB Ipym JIu ToueuHbIX
npeoOpa3oBanmii [6-12], u cucTeMaTn4ecKu YHUPHUIIN-
PYeT M pacIIMpseT XOPOIIO M3BECTHBIC CIICLHAJIbHEIC
METOMBI JUTS IOCTPOCHUS SIBHBIX PeIleHUH 1 qudde-
PEHIMANBHBIX YPaBHEHNU, 0COOCHHO I HeIMHEHHBIX
YpaBHEHHI ¢ YaCTHBIMHU ITPOM3BOIHBIME. B [16] rccite-

OIMCHIBAIONIAsl THAPOAMHAMUKY JBYX(Aa3HOW Cpeubl
6e3 yuéra TemnepaTypHbIX 3P PEKTOB U ¢ yIETOM JIUC-
CHUITalliM SHEPTHH, OOYCIOBJICHHOW CHIION BSI3KOTO
TPEHUS MEXKIY (pa3zaMH.

B nanHO# paboTte HaliIEHO AAPO OCHOBHBIX TPYIIII
JIn omHOMEpHON cHCTEMBI YpaBHEHHM IBYXCKOPOCT-
HOM THIPOJUHAMUKHY C OJHUM JaBICHHEM.

JIOBaHA Ha OCHOBE METOJa TPYIIIOBOr0 aHAINU3a HelH-
Hel{Has cucTeMa ypaBHEHUH B YaCTHBIX IPOU3BOJAHBIX,
YpaBHeHHUs OTHOMEPHOIi JBYXCKOPOCTHOI IrMIPOJUHAMMKH C OTHHM JIaBJIeHUEM
VYpaBHEHUs] OJHOMEPHOTO ABWKEHHS ABYX(ha3HOH XHUIKOCTH 0e3 yuera BA3KOCTH U TPEHHUS B OTCYTCTBHHU
MAacCOBBIX CHJI B U30T€PMHUYECKOM cityuae umeet Buf [17,18]

2 aizgl g—;a=0 9 @)
. ©
3_1: vZ—Zz—%Z—i+§—;:—x(u—v)2 (4)

rJie U ¥ U— BEKTOPBI CKOPOCTEH MOACUCTEM, COCTABIISIONINX JBYXCKOPOCTHOW KOHTHHYYM C COOTBETCTBYIO-
MU TapIHaIbHBIMH IUIOTHOCTAMU Pg M P , P = Ps + p; — 00IIast INIOTHOCTH JBYXCKOPOCTHOTO KOHTHHYYMA, a
P — obmee naBienue. Cucrema (1) — (4) 3aMbIKaeTcsi ypaBHEHHEM COCTOSTHUS:

P =P(p) ®)
SAApo 0CHOBHBIX aJaredp cUCTEMBbI
Jlns ynoGeTBa BBEZIEM 0003HAYEHU § = p = ps + p;, p = ps, 0 = p;, W = w?,w = (u — v). Beipazum npo-
M3BOJHYIO QyHKIMH P 110 X yepe3 GYHKIMU ee apryMeHTOB:

oP dPOp p N
ax - dﬁ ax - ﬁ(px O-X)'
Torna cucrema (1) — (5) mpumert Bu
pr+pu +up=20 (6)
oy +0,v +v,0=0 ©)
u; + uu, + ﬁ'l(Pf,(px +0,) +w(u, — vx)a) =0 (8)
VUt + VVx + ﬁ_l(Pﬁ(px + Ux) - W(ux - vx)p) =0 (9)

3amaanM BUI HomycKaeMoro cucteMoi (6) — (9) napuHUTEe3MMaIbHOTO oniepaTopa [6]
a 3 a a a a
X —Ta+€£+aa+ﬁ£+6a+]/a—v,

rae GyHKunM T, €, @, 5, 8,y 3aBHCAT OT IIEPEMEHHBIX t, X, 0, 7, U, V. [locTpouM HepBoe IIPONOJDKEHHE OIEpa-
Topa X
3 F) F) 3 a a P P
X1=X [ x_ Y9 t Y9 x_Y9 Ut_ Ux Vt_ Vx_
to ap¢ to px +P oy + oy + ouy + Ouy + vy + vy’
rae ko3dpuuuents @, *, Yt Y*, UL, U, VE, V> 3aBucaT oT t, X, p, 0, U, U, P¢, Py» Op, Oy, Ug, Uy, Vg, Uy JlaH-
Hble K03 (QUIUEHTH! BEIYUCIAIOTCA 110 GopMyIaM mpopoinkenus [10] creayromum o6pazom

ot =a, + Pt@p + 0p0s + Uy + Ve, — pe(Te — PtTp — Ot — UpTy — =V Ty) — P (& — Ptfp —0¢é5 —
utfu - vtfv)1
(px =a,+ Px%p t 0,5 T Uy + V0 — pt(Tx — PxTp — OxTg — UxTy — _UxTv) - px(Szx - pxS(p - foa -
uxfu - Uxf,,),
Ut =6+ Pt5p + 0:65 + Uy + V8, — up (T — PtTp — Ot — UpTy — VeTy) — —Un(§r — Ptfp —0¢é5 —
utfu - vtfv)1
Ur = 5x + pxap + Ux5a + ux(su + Uxav - ut(Tx — PxTp = OxTg — UxTy — _UxTv) - ux(Szx - pxS(p - O-xfa -
uxfu - Uxf,,),
Yt =B + pt.Bp + 0B + ufu + vy — 0 (T — PtTp — OtTs — UrTy — Ve Ty) — —0x(§p — Ptfp -0, —
utfu - vtfv)i

lpx = ﬁx + px.Bp + O-x.Bo + uxﬁu + Uxﬁv - O-t(Tx T PxTp = OxTg — UxTy — _UxTv) - O-x(fx - prp - axfo‘ -

uxfu - Uva),
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VE=y, + PtYp t OtYe + UtYy + ViYy — 1715('[15 — PtTp — 0tTg — utTu_UtTv) (T Ptfp — 085 — Uy —
Utfv)l
V= Yx T PxYp T OxVo + UyVu + VxVy — vt(Tx — PxTp — OxTg — UxTy — _vxTv) - vx(fx - prp - O—xfa -
uxfu - Uva).

IMoneiicTByeM onepatopoM X Ha Kax0e ypaBHeHHe cucTeMbl (6) — (9), 4To NpUBEIET K ypaBHEHUAM

et +8p,+ 9 u+tau, +U*p =0 (10)
Y +yo, + Y v+ Brv, + V¥ =0 (11)
Ut + 8uy + Uu— p2P5(py + o) (@ + B) + +p "Pys(px + o) (@ + B) +
+p P (9" + ) = pow(uy — v)(a + B) + 5w (uy — ) +
+0 to(uy — v )(E —y) +p tow(U* —V*) =0 (12)

VE+yv, + V¥ — p2P5(py + o) (@ + B) + ' Pys(pr + 0 ) (@ + B) +
+p 7 P50 + ) + p i pw(uy — v)(a + B) — o w(uy, — v)a —
—p 7 p(uy —v ) —y) —p tpw(U* = V*) =0 (13)

IMoxacTasue Gopmyisl mpoomkenns B ypasuenust (10), (11), mepeiinem Ha MHOr0o0Gpasue (6) — (9), 3ameHoi
IIPOU3BOJHBIX 110 t Uepe3 IPOU3BOAHBIE 110 IIPOCTPAHCTBY

Pt = —PxU — Uxp,
0p = —0,V — 1,0,
Up = —UUy — p__lpﬁ(px +0y) — O-,5_1W(ux — Vy),

Ve = —VVx — p_lpﬁ(px +0,) +pp w(u, — vy).
B urore mosy4uM creayomnme ypaBHeHUsI

ay — (pxu + uxp)ap - (Jxv + UxO')OlU - _(uux + ﬁ_lpﬁ(px + Ux) + Uﬁ_lw(ux - Ux))au -

—(UUX + p__lpf)(px + Ux) - pﬁ_lw(ux - Ux))av + +(pxu + uxp)[Tt - (pxu + uxp)Tp - (va + Uxa)Ta -
_(uux + p__lpﬁ(px + ax) + O-p__lw(ux - Ux))Tu - (UUx + p__lpf)(px + Ux) - pﬁ‘lw(ux - Ux))Tv] -
_prt + (pxu + uxp)prp + px(o-xv + vxo-)fa + px(uux + ﬁ_lpﬁ(px + O-x) + Uﬁ_lw(ux - vx))fu +

+px(vvx + p_lpﬁ(px + O-x) - pﬁ_lw(ux - vx))fv + 5px + {ax + pxap + OxQg + Uy Uy + Ux @y +

+(pxu + uxp) [Tx + PxTp T 0xTe + UTy + vxTv] = PxSx — p)%fp = PxOxSs = PrlUySy — vava}u +au, +

{8y + px0p + 085 + Uy Sy + 1,8, + (Wiy + P P5(py + 0y) + 0P WUy — V) [Ty +

+prp T 0xTs + Uy Ty + UxTv] - uxgx - uxprp - uxo-xfn - uachu - uxvva}p =0 (14)

ﬂt - (pxu + uxp)ﬂp - (O-xv + vxo-)ﬁa - (uux + ﬁ_lpﬁ(px + Ux) + Uﬁ_lw(ux - Ux))ﬁu -
_(va + ﬁ_lpﬁ(px + Gx) - pﬁ_lw(ux - vx))ﬁv + (O-xv + ‘leO')[Tt - (pxu + uxp)Tp - (O-xv + 17x0-)":zr -
_(uux + p__lpf)(px + Ux) + Uﬁ_lw(ux - vx))Tu - (UUX + ﬁ_lpf)(px + O-x) - pﬁ_lw(ux - Ux))Tv] -
_Uxft + (pxu + uxp)o-xfp + O-x(o-xv + Uxo-)fa + O-x(uux + ﬁ_lpﬁ(px + Ux) + Uﬁ_lw(ux - Ux))gu +
+Ux(vvx + ﬁ_lpﬁ(px + Ux) - pﬁ_lw(ux - Ux))fv +yo, + {ﬁx + pxﬁp + O_xﬁa + uxﬂu + vxﬁv +
+(va + UxO')[Tx + PxTp T 0Ty T UTy + erv] - O-xéx - pxo-xfp - O-J?fa' - O-xuxfu - vava}v +
+ﬁvx + {yx + PxYp T Ox Vo + UgVy + VxVy + (UUx + ﬁ_lpﬁ(px + Gx) - pﬁ_lw(ux - vx))[Tx +
+prp T OxTo + Uy Ty + vx‘[v] - vxfx - vxprp - Uxo_xfa - uxvxfu - UJ?S;V}U =0 (15)

O0o3HaunM seBble yacTu ypaBHenuii (14), (15) uepes Q4 u Q, coorBercTBeHHO. OHH SIBISIOTCSI HEOJHOPOI-
HBIMH KBaJIpaTHYHBIMU (OPMaMH OT CBOOOHBIX NMEPEMEHHBIX Py, Oy, Uy, Vy. BBIITOIHNM paciieruieHne yciaoBui
WHBapUaHTHOCTH, T.€. MIPUPABHIEM HYITIO KOA(POHUIMEHTH IPH MEPEMEHHBIX Py, Oy, Uy, Uy U TOIYIUM CHCTEMY
ypaenenuil. [Ipennonoxum, uro P, # 0, TOraa noay4um, Mociue10BaTelbHO UCIONb3Ys PABEHCTBO HYIIHO KO3(-

(QUIMEHTOB TIpH cTenensX 02 B Qq, Uy0y B Qq, p2 B Qu, UyPy B Qo PV B Qo, V2 B Qy, Uy ¥y B Qy, Py¥y B Qp, UTO
T = 1(t,x), § = &(t, x). OcraBiuecs: 13 MOJY4YECHHBIX HETPUBHAILHBIE YPABHEHHS:

a;+a,u+d,p=0 (16)

§+ut, — & +ult, — &u+ Spp — pPy(ay + ay, — Tp) = 0 17)

agw + 8,p — p__lpﬁ(au +a, —Tp) =0 (18)

a—pa,—op ‘way, +pptway, + pte + 2pTu+ Syp + 0P Twip —Ep =0 (19)

—oay +op wa, —va, —pp~wa, + a,u —op twr,p + 8,0 =0 (20)
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Be +Bxv+yo=0

_uﬁp + .pr +Y,0 — p_lpﬁ(ﬂu + By, —1,0) =0

Yy +vt — St + Usz - fxv tYs0 — ﬁ_lpﬁ(ﬁu + ﬁv - Txo-) =0
wt,o =0
B—0oBy+ap *wB, —pp twp, + o1 + 0T,V +¥,0 + V1,0 + pp twr,o — &0 =0

_pﬁp - uﬁu - Uﬁ_lwﬁu + pﬁ_lwﬁv + Buv + Yuo — pﬁ_l

(21)
(22)
(23)
(24)
(25)

Teneps, yuutbiBas, uto T = T(t, x), & = (¢, x), moacraBum Gopmysl npogoinkeHus B ypasuenus (12), (13)
¥ 3aMCHHM TIPOU3BOAHBIE Oy, Oy, U, Uy Ha COOTBETCTBYIOMINE GOPMYITBI IPOCTPAHCTBEHHBIX IPOM3BOHBIX. 10Ty~

YHUM:

6!& - (pxu + uxp)ap - (va + Uxa)da -
_(uux + ﬁ_lpﬁ(px + Ux) + O_ﬁ_lw(ux - vx))6u -
_(vvx + ﬁ_lpﬁ(px + Jx) - pﬁ_lw(ux - vx))6v +
+(uux + ﬁ_IPﬁ(px + Gx) + aﬁ_lw(ux - vx))Tt -
—u, & + Su, + {6, + pxé‘p + 0,0, + u, 6, +v,6, +
+(uux + ﬁ_lpf)(px + Ux) + o-p__lw(ux - vx))Tx -
—wéju — p 2 Ps(py + o) (@ + B) + 5 Pap(px + o) (@ + B) +
+ﬁ_1P5{ax + px@p + 0xy + Uy + FVa, + (DU + U p) Ty —
_prx + .Bx + pxﬂp + Jxﬂa + +uxBu + vxﬁv + (va + vxo-)Tx -
_Gxﬁcx} - ﬁ_ZO'W(ux - Vx)(a + ﬁ) + p_lw(ux - vx)ﬁ +
+p o (ue — 1) (6 —y) + p Low{Sy + piS, + 048, +
+1uy 8y + 18y + (U, + o P5(py + o)) +
+0_ﬁ_1w(ux - vx))Tx - uxfx —Vx — Px¥Yp — OxVs —
—UxVy — Ux¥y — (VU + p__lpﬁ(px +0y) — pp__lw(ux —U))Tx 06} =0

Yt — (pxu + uxp)yp - (va + UxO'))/J -
_(uux + ﬁ_IPﬁ(px + Gx) + aﬁ_lw(ux - vx)))/u -
—(UUx + ﬁ_lpﬁ(px + Ux) - pﬁ_lw(ux - vx))yv +
+(UUx + p__lpﬁ(px + ax) - pﬁ_lw(ux - vx))Tt -
_Uxft + YVx + {yx + pxyp + OxVo + UxYu + UxVv +
+(1717x + p_lpﬁ(px + O-x) - pﬁ_lw(ux - vx))Tx -
_vxfx}v - p__zpﬁ(px + Jx)(a + ,8) +
0 Pop(px + o) (@ + ) +
+ﬁ_1P5{ax + px@p + 0y @y + Uy + Ve, + (Pl + U )Ty —
_prx + .Bx + pxﬁp + axﬁcr + ux.Bu + vxﬁv + (va + UxO-)Tx -
_fox} + ﬁ_zpw(ux - Ux)(a’ + ﬁ) - ﬁ_lw(ux - vx)a -
_p_lp(ux - Ux)(6 - )/) - ﬁ_lpw{é‘x + px5p + O-x50 +
F1uy 8y + 18y + (Uity + P P5(py + 05) + 0PI W(Uy — Vy)) Ty —
_uxfx —Vx — PxVp ~ OxVo — UxVu — UxVy —

—(vvy + p__lpﬁ(px +0y) — pp__lw(ux =V ))Ty + 1} =0

[IpupaBHsB K HyT0 K03 OUITUEHTHI IPH TEPEMEHHBIX Py, Oy, Uy, Uy, TOTyYNM YPABHEHHS:

8¢ + Sxu+ ptPy(a + By) + +p T ow(Sy — vy) = 0

p ‘P, (rt -8, =6, —é 2t u—p Ha+p)+ (ap + [)’p)) +
+p  Ps(a+ )+ prow(8, —v,) = 0

PP (1 — 8y — 8, — & + T(u+ v)—p M (a + B) + (a5 + B5)) +
P Ps(a+B)+p tow(Sy —v,) + 6w =0

pPs(ay + By + pty) — pb, + pp~ w8, + ut, + 0p 7w, —
=&+ 6 +ult, + 20p7 wru — Eutwit,pTlo — p%ow(a + B) +
+p ' wWB+p o (6 —y) —vup row —§p tow =0

p'Ps(a, + B, + 01y) — 08, + ap~'ws, — pp~'wé, —
—op 'wr, + S,w — op twru + plow(a + B) — wit,plo +

(26)

(@7)

(28)

(29)

(30)

(1)
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+&ptow = ptwp — p o (8 — V) +p Tt ow (S, — 1) — VT p tow =0 (32)
Vet VeV + ﬁ_lpﬁ(ax + By) — p__lpw(6x —¥) =0 (33)
ﬁ_lpﬁ(‘[t ~VYu—Yv— S;x + Tx(v + u) - ﬁ_l(a + ﬁ) + (ap + ﬁp)) +
+p 'Psp(a + B) —wy, — p“lpw(6p - yp) =0 (34)
ﬁ_lpﬁ(Tt —Yu—"VYvo— gx + ZTxU - ﬁ_l(a + B) + (aa + Bcr)) +
+p  Pop(a+ ) —ppw(8s —¥5) =0 (35)
ﬁ_lpﬁ(au + ﬂu + pTx) —PYp — WYy — O-ﬁ_lwyu + pﬁ_lwyv -
—pp~ wr, — pptwr,w + p2pw(a + B) — piwa — pp(8 — y) —
_ﬁ_lpw(au - yu) - uTxﬁ_lpW - WZTxﬁ_lp + 'Sxﬁ_lpw =0 (36)
ﬁ_lpﬁ(av + ﬂv + GTx) —0Ys T Uﬁ_lw]/u - pﬁ_lw]/v + 47 +
+pp 7w, — & +y + v, + +pp twr, v — E v — ppw(a + B) +
plwa++p 1 p(8 —y) + WPt p tp — &p pw — pTHpw (S, — V) + UTp T pw = 0 @37

bynem cuurath GyHKIHMIO P ¥ ee MPOU3BOHBIC TONOJHUTEIBHBIME CBOOOIHBIMH NEpeMEeHHBIMU. Toraa u3
paBeHCTBa HyJIIO K03((GHUINEHTOB MIPU BTOPHIX MPOU3BOAHBIX (pyHKINHU P ypaBHeHuU: (29), IpH yCIOBUU U # D,
cienyet, uTo & = —f3 u § = y. Berunranue u3 ypaBHeHus (29) ypaBuenue (30) nmpuBeneT k paBeHcTBaM T, = 0,
85 = 0. U3 ypanenns (34) cnenyer, 4o ¥, = 0. Berauras ypasnenue (33) u3 ypaeHeHus (28) IpUXOAUM K pa-
BeHCcTBaM 6, = 0,8, = 0. PazHocts cymm ypaBHenuit (31), (32) u (36), (37) paBHa

Ty —& +0,+8,=0 (38)
W3 ypasHenust (29) crnenyer cienyooiiee ypaBHEHUE

Tt =8 —6,—6,=0 (39)
CrnenmosarenbHo, ypaBHeHUs (38) 1 (39) npuBoasT K paBeHCTBaM T, = &, U 6, = —§,. Torna u3 ypaBHeHHS

(32) cnenyer, uro f = 0, a3Haunt u a = 0. 13 ypaBHenus (19) nomxyanm paBenctso §,, = 0, 9to Bieyer 3a coboi
6, = 0. Takum obpazom, § = y = const. U3 ypasaenus (17) cnenyer, ato &, = §. B urore
T =$x
& =6 =y = const.

(40)
(41)

B cuny (40) &, =0, & = 1.x + A(t). Toacrasum 310 B (41) 1 nonyunm ypaBHeHue T X + A (t) =D =
const. Cnenosarensho,7(t) = Bt + C, ¢ = Bx + Dt + E. Beibupas oany u3 nocrosuusix B, C, D, E paBHOit enu-
HUIIE, a OCTANIFHBIC PABHBIME HYJIIO, IOTYYHM 0a3uc sapa ocHOBHOM anreOpsr JIu cuctemsl (1) — (4), oOpa3yemsrit

orepaTopamu

=t 9 =0 x 29 x4 0,9,0
L e T e P T o T o T Yox T ou ! ov
YacTHYHO WHBAPHUAHTHEIE PEIICHHUS HAXOIATCS B 3aBUCUMOCTH OT 3aauus pyukuuu P = P(p).

Pabora BBINOJHEHA NPH YaCTHYHON (MHAHCOBOM mojyepkke rpaHToM MuHHCTepcTBa VHHOBaMOHHOTO
passutus Pecriybmukn Y36ekucran (Homep rpanta OT-ATtex-2018-340 ).
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